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1 JlunaeitHOe pPOCTPAHCTBO

1.1 Omnpenenenne u NpuMepbl

JluneitHOe MPOCTPAHCTBO ABJIAETCH 0000IIEHNEM TIOHATUSI MHOYKECTBA BEKTOPOB
(mByMepHBIX Win TpexMepHbIX). HeoGXxoauMocTh Takoro obO0IIEeHNs BhI3BAHA
TeMm (haKTOM, 9TO BO MHOTHX pPa3/e/laX MATEMATUKN U MPUKJIAIHBIX HAYK OOJIb-
I10€ YUCTI0 OOBEKTOB 00JIAJAI0T CBONCTBAME BEKTOPOB: UX MOYKHO CKJIA/IbIBATH,
YMHOXKATH HA YUCJIO WK APYT HA APYTa, IPUIEM, STH OlepParun 00JIa1al0T TEMU
K€ CBOWCTBAMU, YTO W AHAJOTHYHbBIE ONEPAIMH JJI BEKTOPOB; /I ITUX 00b-
€KTOB MOXKHO BBOJWTH MOHSATHE JIMHEHHON HE3aBUCUMOCTH ¥ 0a3uChl. Takum
00pa30M, BOBHUKAET BO3MOXKHOCTH M3YUHUTH CBOWCTBA YKA3AHHBIX OOHEKTOB C
€/INHBIX TTO3WINI, HE OTBJIEKASCh HA WX JACTHHIE OCOOEHHOCTH.

Yro6b! peaan3oBaTh TaKoe 0000IeHNE, TPEXK/IE BCEro HEOOXOIMMO TTePETIC-
JIUTHh HEDOJIBIIOE YUCJIO CAMBIX OOLIMX CBONCTB BEKTOPOB (KOTODBIE U JIEJIAIOT,
COOCTBEHHO, BEKTOPbI TEM, YTO OHU COOOI IPEJICTABJISIOT), U3 KOTOPBIX CJIEILy-
IOT BCE OCTAJIBHBIE UX CBOHCTBA.

MmuoxkecTBO 00beKTOB L HAa3bIBAETCH AUHEUHbBIM TLPOCMPAHCINEOM, a
€ro 3JeMEHTHI X, Y, Z — 8eKmopamMu, eciu B L OmpeeseHbl ABe ONepaIun
HaJ[ BEKTOPaMHU:

1) uepBasg ouepauus CTaBUT B COOTBETCIBUE JIIOObIM JABYM BEKTOPAM X U Y
TpeTuii BEKTOP, HA3LIBAEMBIH WX CYMMOU U 0003HAYAEMbIH X +y (omeparus
CAOIHCEHUS, BEKTOPOB);

2) BrOpasi onepaius CTaBUT B COOTBETCTBHE JIIOOOMY BEKTODY X WM UUCIY A
BEKTOD, Ha3bIBAEMblii npoudeedenuem X Ha A\ u obo3HadaeMblii Ax (onepa-
UHsl YMHOHCEHUS, BEKTOPA HA YKUCJIO0); IPUUYEM, ITH OLEPALMU Y/I0BJIETBOPAIOT
CJIEIyIOTIIAM aKCHOMAaM:
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1. x+y =y + x (KOMMyTaTUBHOCTD CJIOKEHUS ).
2. (x+y)+z=x+(y+2) (acconmaTuBHOCTD CIOKEHNUS).
3. 3(0)¥(x) x + 0 = x (cymecTBOBaHNE HYJIEBOTO BEKTODA).

4. ¥Y(x)3(—x) x+ (—x) = o (cymecTBoBaHNe BEKTOPA, IPOTHBOIO-
JIOXKHOTO BEKTOPY X).

5. 1-x = x (mpow3BejieHNE €IUHUIBI HA BEKTOD HE U3MEHSET IMO-
cieinmii).

6. AM(px) = (A)x (accormaTnBHOCTh YMHOMKEHUS HA GHCIIO).

7. A(x+y) = Ax+ Ay (qucTpubyTUBHOCTH YMHOXKEHUST HA YUCIIO
OTHOCHUTEJIBHO CJIOKEHUSI BEKTOPOR).

8. (A+ p)x = Ax + px ( JucTpubyTUBHOCTH yMHOXKEHUS HA YUCJIO
OTHOCHUTEJIBHO CJIOKEHUS THUCE ).

BekTop o Ha3biBaercs HY./e8bLIM BEKMOPOM, BEKTOD —X — BEKTOPOM,
NPOMUBONOA0HCHBIM BeKTOPY X. CyMMy BEKTODPOB X 1 —y OyeM Ha3hIBaTh
PA3HOCMBIO BEKMOPO8 N 0003HAYATH X — .

Ecnu yucsa, Ha KOTOpbIE YMHOXKAIOTCA BEKTOPHI, AeHCTBUTEIHHBI, L Oymaem
HA3bIBATH 0eliCMEUumMeAbHblM JTHHEHHBIM TPOCTPAHCTBOM; €CJIH ITH YHUCIIA
KOMILJIEKCHBIE, TO — KOMNAEKCHBIM JuHEHHbIM TpocTpancTBoM. Ecim Oyaer
Hpenoaararbes, 9ro £ MoxkeT ObITh Kak JefCTBUTEIbHBIM, TAK U KOMILIEKC-
HBIM, TO OyJ€M €r0 UMEHOBATH MTPOCTO JIMHEHHBIM MTPOCTPAHCTBOM.

13 BBeIEHHBIX aKCHOM TOJTyvIaeM CJIeYIOIINe YTBEPKICHUS.

1° HyuesoU sexmop — eduncmeerioil.

HeiicTBUTETBHO, TPEAMOJIOKNAM, YTO CYIIECTBYIOT /IBA HYJIEBBIX BEKTOPA O
u 09. Torma mo Tperbeit akcmome 01 + 03 = 01 = 0.

22 Bexmop X umeem eduncmeertviil, npomueonoi0dcHull emy, 6eKmop —X.

Ecnu npennonokurh, 9T0 BEKTOP X UMEET J1Ba PA3IUIHBIX TPOTHUBOMIOIOK-
HBIX BEKTOPA —X] U —X2, TO IO BTOPO#, TpeThell U 4eTBEePTOi aKCUOMaM JOJI2K-
HO BBIIOJIHATHCH, YTO

(30) 4 X+ (=%2) = ((=x1) + %) + (—x2) =0+ (~%2) = —xz,

1.1. OmnpeneseHue u IIPUMEPDI
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(=x1) +x+ (—x2) = (—x1) + (x + (—%2)) = (—x1) + 0 = —x1.

3uaunt, BeKTOPBI (—X1) B (—X,) HEe MOTYT OBITH PA3IHIHBIME.
3% Bexmop o npomusonosodcen cam cebe.

Crenyer u3 Toro, 970 0 + 0 = 0.
42 Bexmop x npomueonosodicen eekmopy —X: —(—X) = X.

IIpsamo cmemyer u3 mepBoit M YETBEPTOi AKCHOM.
5° Cnpasedauso pasencmeo 0x = o.

B camom nene, 0x =0x +x+ (—x) = (0+ 1)x + (—x) =x + (—x) = 0.
6° Cnpasedauso pasencmeo (—1)x = —x.

HeiicrBurensHo, (—1)x+x = (—14+1)x = 0x = o. CregoBarenbHo, (—1)x —
BEKTOD, IPOTHBONOJIOZKHBIA BEKTODPY X, & TaK KaK TAKOIl BEKTOD IO JIOKA3AH-
HOMY B 2 eauHcrBeHeH, 10 (—1)x = —x.

7. IIpouseedenue A1006020 YUCAG HA HYAEBOT BEKMOP PABHO HYAEBOMY 6EKTNOPY:
Ao = o.

Creyer 13 IEIOYKN PABEHCTB: A0 = A(X — X) = AX — AX = o.
8° Eecau Ax = 0, mo aubo A =0, aubo x = o.

IIycTs, Hampumep, A # 0. YMHOXKEM PaBeHCTBO AX = 0 Ha A~ !: 1x = o, To
eCTh X = 0.

Paccmorpum nprMepsl BEKTOPHBIX TPOCTPAHCTB, MHOTHE W3 KOTOPBIX HMe-
I0OT BaXKHOE CaMOCTOATe/IbHOe 3HaYeHUE B PA3JIMYHBIX pa3/iejlaX MaTeMaTuKU.

IIpumep 1.1 (OGbrunbie BekTopsbl). Tak Kax 06viuHbLe BEKMOPDL, USYUEHHDLE 6
pasdese 6eKMOPHOT anzebPbl, € 0OBLYHBLMY ONEPAUUAMU CAOHCEHUS BEKMOPOB
U YMHONCEHUA 8EKMOPA HA YUCAO YIOBAETNEOPAIOM CEM AKCUOMAM AUHETHO20
NPOCIMPAHCNBA, MO MHOHCECTNEA, 6EKMOPOE HA NAOCKOCTNY U 8 TPOCTNPAHCINEE
06pa3y1oMm AUHETHDLE NPOCMPAHCMEA.

1.1. OmnpegeseHue u IIPpUMEPDI
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Koopauunarnas ¢popma 3anucu BEKTOPOB B JBYMEPHOM IMPOCTPAHCTBE UME-
er BUJ, ABOEK 4uces: (a1,ds); B TPEXMEPHOM IIPOCTPAHCTBE — TPOEK YUCEJL:
(a1,a2,a3). MHOXKeCTBO HEM3BECTHBIX B airebpandecKoM ypPaBHEHUH, MHOXKe-
CTBO CBODOJIHBIX YJIEHOB B IPABBIX YaCTAX CHCTEMbI AJreOpPAnvIecKuX ypaBHe-
HUM, MHOXKECTBO KO(h(MDUITNEHTOB TTPU HEM3BECTHBIX B OJHOM W TOM YK€ yPaB-
HEHWHU TaKO# CHCTEMBI MOT'YT OBbITh MPEICTABIEHBI N YNCIAMU: (T1,Z2, ..., Tp)-
[To amajioruu ¢ ABOMKAMU W TPOWKAMM JHCEJI TAKYIO 3aMUCh OyIeM HA3bIBATH
n-xot wucea. MHOXKeECTBO TOKa3areneil pabOThl MPEANPUITHSA; MHOXKECTBO
XapaKTEePUCTUK PAOOTHI TPAHCIOPTA; MHOKECTBO BEJIMYUH, OMUCHIBAIOIIAX CO-
CTOSIHHE IIOIO/Ibl, TOXKE MOIYT ObITh 3AIUCAHBI B BUJIE N-OK YUCEJ.

IIpumep 1.2 (IIpocrpanctso R™). I[okaszamb, wmo MHOMCECTNGO 6CET N-0K
YUCEN ABAACTNCA NUHETHBM TUPOCTNPAHCNEOM.

Pewenue. TIpeskie BCEro BBEJEM ONEPATHE CIOKEHUS 1-0K IHUCENT (BEKTODPOR )
x = (z1,22,...,2,) 1y = (Y1,Y2,-..,Yn) B TAKOM IIPOCTPAHCTBE:

X+y=(z1,72,..., %) + (Y1, Y2, Yn) =
= ($1+y17$2+y27-~-a$n+yn)>

U yMHOYKEHUsS N-KW 9HUCce Ha YUCIIO:
X = Ax1, 22,y .y Tn) = (AZ1, AZa, ..., Azy).

Eciu nynesbiM BekTopoM cuutarh n-ky 0 = (0,0, ...0), a BEKTOpOM, pOTH-
BOIIOJIOXKHBIM BEKTOPY X = (X1, %2, ..., ZLn), BEKTOP —X = (—Z1, —T2, ..., —Zp),
TO BCE aKCHOMBI JIMTHEHHOT'O IIPOCTPAHCTBA Oy Iy T BbimosHenbl. Hanpumep, cenb-
Masi AaKCUOMA:

M(z1, 2o,y xn) + (Y1,Y2y -5 Yn)] =

Mz +y1, T2+ Y2, Tn +Yn) =

Az +y1), M2 +y2), - s Man +yn)) =
(Az1 + Ay1, Az + Aya, ..., Az + Ayp,) =
AMz1, o, ..o xn) + AMyr, Y2, - -+, Yn) = AX+AY.

Ax+y)

[IpoBepky OCTaJbHBIX AKCHOM BBITOJHUTE CAMOCTOATEIbHO. JIuHeitHoe mpo-
CTPAHCTBO BCEX N-OK unces obo3nagaercsa R™. O

PaCCMOTpI/IM MHO>KECTBO MHOI'OYJIEHOB CTEIIEHU HE BBIIIE 71-OMu:

Po(t) = ag + ait + ast® + ... + a,t", (1.1)

1.1. OmnpegeseHue u IIPpUMEPDI
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JJId KOTOPBIX CJIOZKEHWE U YMHOZKEHUE Ha YUCJIO OpeaeIeHbl OOBIYHBIM o6pa—
30M:

Po(t) + @n(t)

(ao + a1t + ast?> + ...+ ant™)+

(b + bt + bot® + ... + b, t") =

(a0 + bo) + (a1 + b1)t + (a2 + b2)t* + ... + (an + by)t"™;
Aag + a1t + ast? + ...+ ant™) =

(Aao) + (Aar)t + (Nag)t? 4 ... + (Aa, )t™.

I+

AP, (1)

HpI/IMep 1.3. Honasamb, YUMo MHOHCECNBO 6CEL MHO20YMNEHOE CMENEHU HE
evLuLe N-U ABAACTNCA AUHETHBIM npocmpaHcIeom.

Pewenue. Onepamnuu CIOXKEHUsST MHOTOYJIEHOB M YMHOXKEHUsI MHOTOYJIEHA HA
9HCJI0 BBITIOTHAIOTCS (PAKTHICCKH HAT KOdPPUITHEHTAMI MHOTOYIEHOB, ITO3TO-
My KaxK/Iblil MHOIOYJIEH MOXKHO 3aMEHUTh M-Koii uucesn (m = n + 1) u BbiIoJ-
HSATH COOTBETCTBYIOIIME AeHCTBUs HAJl m-Kamu duces. Ho, Kak ObLI0 TOKA3aHO,
M-KW 9uCcejT 00pa3yioT JIMHEHHOE MPOCTPAHCTBO, 3HAUYUT M MHOYKECTBO MHOTO-
9JTIEHOB CTEIEHU HE BBIMIE N-0 SBJISETCS JIMHEHHBIM ITPOCTPAHCTBOM. O

IIpumep 1.4. Ecau He 02paHuMUuUSamMmd CMENEHd MHOZOYACHE KAKUM-AUOO HUC-
A0M, o mrozousen (1.1) yorce neavssa 3anucams m-ol wuces, G MoAbKO ¢ No-
MOugbIo beckonewnozo eexkmopa éuda X = (ag,a,...,a,,0,0,...). Bydem au
MHOHCECTNBO BCEL MHO20UAEHOE AUHETHBIM NPOCTPAHCMEOM ?

Pewenue. Benem st Takux BekTopoB, X = (X1,Z2,...,Tp,...) U
Yy = (y1,Y2,--+,Yn,-..), ABISIOMNXCS OECKOHETHBIMI TIOCIIEIOBATEIHLHOCTSIMH,
OTIEPAIAN CJIOKEHWS] W YMHOXKEHHs HA, IHACIO:

x+y=(z1,22,...,Tn,--.) + (Y1,Y2, -y Yny.-.) =
= (@1 +yL, 22 +y2, . T+ Yny--o)s (1.2)
AX = A@1,Z2, oy Ty .) = (AZ1, AZa, o Ay, . L)

Ecau B kagecTBe HyI€BOrO BEKTOPA BHIOPATH OECKOHEYIHYIO IIOCTIEI0BATE b
Hocrb nyneir o = (0,0,...), a BEKTOPOM, [POTUBOIIOJIOKHBIM BEKTODY X =
(x1,%9,...,%p,...), CIUTATH BEKTODp —X = (—Z1,—T2,...,—Tp,...), TO TaK
JKe, KaK W JJIs N-OK 9YWCEeJ, HETPYJIHO YBHIETh, UTO BCE AKCHOMBI JTMHEHHOTO
MPOCTPAHCTBA Oy/IyT BBITOJHEHBI. SHAYAT, MHOKECTBO BCEX MHOTOUJIEHOB TOXKE
SABISETCSA JTMHEHHBIM TPOCTPAHCTBOM. O

1.1. OmnpegeseHue u IIPpUMEPDI
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IIpumep 1.5. Muoocecmeo dynrkyui euda f(x), Henpepuenuxr wa ompeske
[a,b], ouesudHO, ABAACTNCA NUHETHOLM TPOCTRPAHCIIEOM ¢ OBBIYHBLMU OTEPAUU-
AMU CAOHCEHUS PYHKUUT U YMHONCEHUS GYHKUUY Ha wucso. Hyresvim eex-
MOPOM 6 IMOM NPOCMPAHCNEE MOHCHO CUUMAGND PYHKUUIO, MOHCOECNEEHHO
PaBHY HYA0 Ha ompeske [a,b], a 6eKMOPOM, NPOMUBONOAONHCHM PYHKUUU

f(@), — dynryuro —f ().

IIpumep 1.6. Mnooicecmeo mampuy, pasmepa m X n (u3 m cmpok u n cmoab-
408) 0bpasyrom AuHelinoe NPOCMPAHCTNEO, NPUUEM CAOHCEHUE MAMPUY, U YMHO-
JHCEHUE MAMPUYDL HA YUCAO ONPEIessrOMcs 00vuHbLM cnocobom. Poav Hyseso-
20 6EKMOPA UZPGEM HYAEEAA MAMPUYA, 0 POAL MAMPUYDL, NPOTNUEONOAOHCHOT
mampuue A, — mampuya —A. OuesudHo, 6ce aKCUOMBL AUHETHOZ0 TEPOCTNPGH-
CMBa BLIMONHANTNCA.

1.2 Jlumelinag He3aBUCUMOCTH

BazkHbIM TOHATHEM B TEOPWUU JIMHEHHBIX TTPOCTPAHCTB SABJISETCS TMOHSTHE JIU-
HEHHOM HE3ABUCUMOCTHA BEKTOPOB, KOTOPAsi, BOODIIE TOBOPsi, O3HAYAET, 9TO HU
OJIVH HEHYJIEBOW BEKTOD W3 JAHHOW COBOKYIIHOCTH BEKTODOB HEJIb3sl MPEICTa~
BHUTDH B BUJIE CyMMbI [IPOM3BEIEHII OCTAIbHBIX BEKTOPOB HA HEKOTOPHIE YHUCIIA.
Takast cymMa BEKTOPOB X1, X, . . . , X;,, HA3BIBACTCH AUHEUHOU KOMOUHAUUET
8eKmMopos:

A1X1 + )\2X2 +...+ A’rLX’m

rIe Ao, Ao, . . ., A, — UUCJIA, HA3BIBAEMbBIE KOIPPHUUUeHMamu AuHettHOT Kom-
bunayuu. JInneitnas KOMOMHAINS BEKTOPOB HA3BIBAETCS MPUBUAABHOU, €C-
JINL BCE €€ KO3(b(bI/IHI/IeHTbI PaBHBI HYJIO; B MIPOTUBHOM CJIyYa€ OHa HA3bIBAECT-
cs1 HempusuaabHoti. Toanoe onpeenenue TMHERHON HE3ABICUMOCTH TAKOBO:
BEKTOPDI X1, X2, - . . , X;, HABBIBAIOTCA AUHETHO HE3ABUCUMBLMU , ECJTH TOTHKO
X TPUBHMAJIbHAS JINHEHHAsT KOMOWHALINS PABHA HYJEBOMY BEKTOpY. B mpoTus-
HOM CJIyYae OHM HA3BIBAIOTCH AUHEUHO 3A6UCUMBLMU.

Ecau BekTOpBI TMHEITHO 3aBUCUMBI, HAUIETCA UX HETPUBHAIbHAS JTUHEHHAS
KOMOWHAIWS, pABHASA HYJIEBOMY BEKTODY:

)\1X1 + A2X2 + ...+ )\nX" = 0. (13)

910 3HAUUT, 4TO XOTA Obl OmuH KOIGDMUIMEHT JUHEHHON KoMOuHanuu (Ha-
npumep, 6e3 morepu OOIIHOCTH, A1) He paBeH Hys0. Torja BeKTOp X MOMXKHO
BBIPA3UTH Y€PE3 OCTAJbHBIE BEKTODHI:

X] = ——X{ —...— —Xp, (1.4)

1.2. JIuHeliHad He3aBUCHMOCTDb
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TO €CTh TPEJCTABATH €r0 B BHJE JIMHEHHON KOMOWHAIINU BEKTOPOB X1, Xg,
..., Xp. Ecim xe BeKTODBI JIMHEHHO HE3ABUCHUMbI, ITO CIEJATh HE yIACTCs, TaK
kak B paBercrse (1.3) Bce ko3bdunueHTI TMHEHHOH KOMOUHAIIMU PABHBL Hy-
JIEO.

Beckoneunasi cucremMa BEKTOPOB X1,X2,...,Xp, ... HA3BIBAETCT AUHETUHO
He3a8UCUMOT, ecn JiI00asi KOHEYHAS MOICUCTEMA ITUX BEKTOPOB JIMHEITHO
He3aBucuMa. B mpoTtuBHOM c1ydae OECKOHEUHAST CHCTEMa BEKTOPOB HA3BIBAETCS
AUHeUHO 3a8UCUMOU.

Teopema 1.1. Ecau cpedu 8ekmopos Xi,Xao, ..., X, e€CMb HYLEE0T 6€KMOD,
MO 6CA CUCMEMA BEKMOPOS AUHETHO 3GBUCUMA.

Zloxasameavcmeo. Ilycrsb, HampuMmep, X; = O, TOTJA JJisi HETPUBUAJIHHOMN JIU-

HeWHON KoMOmHaruu mnoaydaem 1x; + 0xo + ... 4+ 0,X, = 0, 94TO O3HAYAET
JINHEHHYI0 3aBUCAMOCTH BEKTOPOB. O
Teopema 1.2. Ecau cpedu 6ekmopos Xi,Xa, . . . , X, HEKOMOPbLE 00DA3Y0OM AU-
HEUHO 3ABUCUMYIO CUCTNEMY, MO U 6CA CUCTNEME X1,X2, ..., Xy AUHEUHO 306U-
CUMG.

Zoxasameavcmeo. IlycTtb BEKTOpPBI X1, X3, ..., Xk, k < N, JUHEHHO 3aBUCUMBI,

TOrJA CYIIECTBYET UX HETPUBHUATbHAS JTUHEHHAS KOMOMHAIAST A\1X1 +. . .+ Ap Xk,
paBHas HyJieBoMy BekTOpy. Ho Torna u HerpupuaJibHas JuHeiHast KOMOMHAIIMA
A1X1+ .o+ ApXp + 0Xpq1 + - - - + 0%, TOXKE PABHA HYJIEBOMY BEKTODPY. SHAYMT,
CHCTEMa BEKTOPOB X1,X2, ..., X, JHUHEHHO 3aBUCHAMA. O

Caencrsue 1.1. Ecau eexmopvt Xi,Xo,...,X, AUHETHO HE3AEUCUMbL, MO U
A1000A UL NOOCUCTNEME AUHETHO HE3ABUCUMA.

JI71s1 OOBIYHBIX BEKTOPOB Ha IJIOCKOCTH B Pa3/1eJie BEKTOPHOM ajireOpbl JOKa-
3BIBAETCS TEOPEMA O TOM, UTO JIFOOOH BEKTOP MOXKET OBIThH MPEICTABICH €IWH-
CTBEHHBIM 00Pa30M B BHUE JTUHEHHON KOMOMHAIINN ABYX HEKOLTHHEAPHBIX BEK-
TopoB. U3 caexytomux yTBepKaeHn# OyIeT BbITEKATh, ITO HA, IJIOCKOCTH JIIO-
6asi CUCTEMa M3 YUCJIA BEKTOPOB, OOJIBINErO ABYX, JUHEHHO 3aBUCUMA.

Teopema 1.3. /[6a 6exmopa Ha NAOCKOCTU NUHETHO 3A6UCUMDL TNO20A U MOAL-
K0 Mo20a, K020a OHU KOAAUHEAPHDL.

Zoxazameavcmeo. Ecau BekTOphl a U b JMHENHO 3aBUCHMBI, TO CYIIECTBYET
HETpUBHAJIbHAS JInHEHAA KoMOuHanms Aa+ ub = o. Ilycrs, nanpumep, p # 0,
Torga b = f%a. 3HauuT, BEKTOPHL & U b KOJIMHEADHBI.

1.2. JIuHeliHad He3aBUCHMOCTDb
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Ob6parno. [lycTs BekTOpHI a u b kKoMHEapHBI. ECIU BEKTOD a HyJIeBoii, TO
BEKTODBI & 1 b JIMHERHO 3aBUCUMBI, U TeOpeMa JJOKA3AHA.

Eciu ke a # 0, 70, Kak OBLIO TOKA3aHO B pa3iesie BEKTOPHO aireOpbi,
b =)a, re A — HEKOTOpOoe YHCJI0. 3HAYUT, HETPUBHAIbHAS JIMHEHHAs KOM-
O6uHanus paBHA HYJIeBOMY BEKTOpPY: Aa — b = o, u BekTOpHl a n b nuneitHO
3aBUCHMBI. O

CaencrBue 1.2. Jlsa 6exmopa HG NAOCKOCTNU AUHETHO HE3ABUCUMbBL M020a0 U
MoAbKo mozda, k0200 0HU HEKOANUHEAPHDL.

Touno Tak e jisi BEKTOPOB B MPOCTPAHCTBE JOKA3BIBAJIOCH, UTO JIFOOO
BEKTOD MOXKET ObITh MPE/ICTABIEH €IMHCTBEHHBIM OOpa30M B BHJE JIMHEITHON
KOMOWHAIMY TPEX HEKOMILJIAHAPHBIX BEKTOPOB. VI3 [1OKA3BIBAEMBIX HUXKE TEO-
PEeM II0JIy9aeTCsi, 9TO B IIPOCTPAHCTBE JII00ast CHCTEMA U3 YUCIIA BEKTOPOB, OOIIb-
ero Tpex, JUHEeHHO 3aBucuMa.

Teopema 1.4. Tpu sexmopa 6 npocmparcmee AUHETUHO 3GBUCUMDL MO0200 U
MOALKO M020a, %0206 0OHU KOMNAGHADHDL.

Zoxasameavcmeo. Ilycts BekTOpBI &, b u ¢ juHelHO 3aBucumbl. Torma onux
U3 HUX $BJIAETCs JIMHERHOW KoMOuMHanumel qByx aApyrux BekTopos (cMm. (1.4)):
c = Aa+ pb. Eciim a u b xosmHeapHsl, TO TOCTIE COBMEIEHUS UX HAYas, OHU
OKAasKyTCs HA OJIHOM M TOI 2Ke IPsIMOii, HO TOT1a 1 BeKTOp Aa+ ub okaxercs na
TOl Ke MpsAMOii. 3HAYNT, BCE TPYU BEKTOPA &, b u ¢ OyIAyT HEe TOJBKO KOMILIA-
HapPHBI, HO JayKe U KOJLIMHEApHBbI. EC/u ke BEKTOPhI a U b HEKOJIINHEaPHBI,
TO TIOCJI€ COBMEIIEHUsT HAYAJ BCEX TPEX BEKTOPOB BEKTOPHI a u b He OyayT
JIeXKaTh HA OTHOW U TOM ke mpsmoit. CiieIoBaTeIbHO, Yepe3 TPU TOUYKH — X
obI1ree HAYAI0 W KOHIBI — MOXKHO OyIeT MPOBECTH ILJIOCKOCTh. Torma B 3TOit
ILUIOCKOCTH Oy/IyT TaKzKe JIe2KaTh BEKTOPHI Aa u b, a Takake napaJssiesorpamm,
NOCTpOeHHbIH Ha HUX. HO ero quaroHasb kak pas OyJaer BEKTOPOM ¢ (CIoxkenune
BEKTOPOB M0 MPABUIIY MapaJjlieiorpaMMa). 3HaYUT, BCe TPU BEKTOpa a, b u ¢
OyIyT JIeKaTh B OHOI MJIOCKOCTH, 9TO O3HAYAET WX KOMILIAHAPHOCTD.
Ob6parno. Ilycts BekTOpHI @, b 1 ¢ KoMIanapubl. Ecin kakue-HuOy/ b 1Ba
13 9TUX BEKTOPOB KOJJIMHEAPHDI, TO 110 IPEAbLAYIIEil TeopeMe OHU JIMHEHHO 3a-
BUCHMBI, &, 3HAYNT, BCE TPU BEKTOPA TOXKE JIMHEHHO 3aBUCUMBI TI0 Teopeme 1.2.
Ecnu xe Hukakue 1Ba BEKTOPA HE KOJIJIMHEAPHBI, TO TIO TEOPEME O PA3JIOKEHUN
Ha, MJIOCKOCTU ¢ = Aa + ub, wim Aa + pub — ¢ = 0 u, cire10BaTeIbHO, BEKTOPDI
a, b u ¢ uHEIHO 3aBUCUMBI. O

CaencrBue 1.3. Tpu sexmopa 6 npocmpancmee AUHETHO HEZABUCUMbBL 0204
U MOABKO M0o20a, K0204 OHU HEKOMNAGHADHOL.

1.2. JIuHeliHad He3aBUCHMOCTDb
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Teopema 1.5. B aunetinom npocmpancmee R™ aobve n eexmopos Xi,
X2, ..., Xy AUHETHO HE3A6UCUMDL 0206 U MOALKO mozda, Kozda onpedesument
A, cocmasaennvill U3 3MUT 6EKMOPOS, HE PABEH HYMO.

Zloxaszameavcmeo. Ilpeamonoxum, 9T0 BEKTOPHI X1, X2, . . . , Xy, JUHEHHO HE3a-
BucuMbl. Torna simHeitHAasT OTHOPO/IHASI CUCTEMA YDABHEHUH

)\1X1 + )\QXQ + ...+ )\nxn =0 (15)
OTHOCHUTEIbHO HEU3BECTHBIX A1, A2,..., A\, WMEET EIWHCTBEHHOE pEeIIeHne
A =0, X =0,..., A\, = 0. 970 03HaTaET, YTO €€ TJIABHBII ONpeneTuTENh

A He paBeH HYyJIO.
O6parHo, ecu 3TOT ONpeeIUTENb He PABEH HYJII0, TO CHCTEMa YPABHEHUH

(1.5) OrHOCUTEIBHO HEU3BECTHDBIX A1, A2, . . ., Ay, UMEET €MHCTBEHHOE PeLIeHKe.
Ho omno permenne nmeercst Beerma: Ay = 0, Ao = 0, ..., A\, = 0. Cnenosa-
TEJIbHO, IPYTUX PEIieHni ObITh HE MOYKET, U BEKTODPBI X1, X2, - . . , X, JIUHEIHO
HE3aBUCHMBI. L]

Teopema 1.6. B aunetinom mnpocmpancmee R™ wobas cucmema u3
(n + 1)-20 sexmopa aunetino 3asucuma.

Hoxazamesvcmeo. Paccmorpum cucreMy BEKTOPOB X1, X2, .. . , Xy Xp41. ECIH
BEKTOPbI X1, X3, ..., X, JUHEHHO 3aBUCUMbI, TO 110 Teopeme 1.2 JIMHEHHO 3aBU-
CUMBI U BEKTODBI X1,X9, . ..,Xn, Xp41, 1 TEOPEMA JOKA3AHA.

[Ipeamonoxum Tenepnb, 9TO BEKTOPHI X1, X2, - . - , X, JTHHEHHO HE3ABUCUMBI U
BEKTOD X1 7 O (HHAYE BCs CUCTEMA BEKTOPOB JIMHEHHO 3aBUCHMA U TEOPEMA
nokazana). Torza cucrema ypaBHeHU

)\1X1 + )\2X2 + ...+ )\nxn = Xn+1

HMeeT eJMHCTBEHHOE PELIEHUe, TaK KaK B CHJIY IIPEIbLIYIIell TEOPEMbL €€ IJIaB-
HBII OMpEIEINTE/b HE PABEH HYJIIO, IPUYEM, 9TO PeIleHne HeHYIeBOe, TOTOMY
YTO B MPOTHUBHOM CJIydae BEKTOD X411 OKAXKETCS HYJEBBIM, UTO IIPOTUBOPETUT
npeamosnoxkenuio. Ilocennee paBeHCTBO O3HAYALT JIMHEHHYIO 3aBUCUMOCTD BEK-
TOPOB X1,X2, ..., Xn, Xp41- O

B mpocrpancTBEe MHOIOYJIEHOB CTEIIEHU HE BBIMIE N-Of 000N MHOrOYIeH
MozkeT ObITh npejcraBien m-koii (m = n+1) ceoux ko3P UIMEeHTOB, 10ITOMY
B COOTBETCTBUH C TOJBKO UTO JOKA3aHHOI Teopemoit cucrema u3 (n + 1)-ro
MHOTOUJIEHA, JIMHEITHO HEe3aBUCUMA, €CJIM COCTABJEHHBIH M3 COOTBETCTBYIONINX
M-OK OTIPEJIeJINTENIb HE PaBeH HyJ10. VI3 9T0if ke TeopeMbI CIIEyeT, 9TO JTI00bIe

1.2. JIuHeliHad He3aBUCHMOCTDb
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n + 2 MHOTOYJIEHA JIMHEWHO 3aBUCHMBI B 3TOM TPOCTPAHCTBe. B wacTHOCTH,
JMHEHHO He3aBUCHMOI ABJISeTCA CHCTeMa X1 = 1, Xo =, X3 = t2,..., X,, = t",
TaK KakK €if COOTBETCTBYIOT M-KHU, OOPa3yIOIIne OMPeIeIuTe b

1 0 0
0 1 0 £0.
0 0 1

Jluneiinas HE3aBUCHMOCTD 3TON CHUCTEMBI CJIEIyeT TAKKe U3 TOTO, YTO MHOIO-
wieH Ao + Mt + Aat? + ... + A\,t" MOXKeT PaBHATHCS HYJIIO JIHIIb TOLAA, KOLIA
BCe ero KO3(MMUIMEHTHI PABHBI HYJIIO.

B mpocTpancTBe BCeX MHOTOUIEHOB CYIIECTBYET ODECKOHETHAS JTMHEHHO HEe3a-
BUCHMasd CHCTEMa BEKTOPOB X; = 1, Xo = t, X3 = t2, ..., X, = t",.... Heii-
CTBUTEIBHO, JTI00asT KOHEYHAS MMOJICUCTEMA TAKUX BEKTOPOB MMEET BU Xi = t<,
X] = tﬁ, ..., Xg = t7, rae Bce mokazarenu «, (3, ...,y Pa3JINYHbI U IPUHAJIIE-
JKAT PACIIMPEHHOMY MHOXKECTBY HaTypasnbabix auces No = {0,1,2,...}. Ilycrs
¢ =max( a,f,...,7). Kak 6bl10 MOKa3aHO, cuCTEMa BEKTOPOB X1 = 1, X3 =1,
x3 =12, ..., Xe = t& suHeiHo HE3aBUCHAMA, & TOrJIa JIMHEHHO HEe3aBUCUMA U
cueTeMa BEKTOPOB X = t%, x; = t7, ..., x, = 17 (cnencrsue 1.1).

Tak KaK MHOTOY/IEHBI X; = 1, Xo = t, X3 = t2, ..., X, = t",. .. HeIPEPBIBHEIL,
TO OHH JIAIOT [IPUMED JIMHEHHO-He3aBUCUMO CUCTEMbI BEKTOPOB U B IIPOCTPAH-
CTBE BCEX HEMPEPBIBHBIX (DYHKIIWIA.

B mpoctpancTBe BCeX MATPUIl padMepa m X N JUHEHHO HE3aBUCUMYIO CH-
CTeMy W3 mn BEeKTOPOB 0OPa3yloT MATPHUIIBI A;j, ¥ KOTOPHIX 3JI€MeHT a;; = 1,
a oCTajbHbIE JIEMEHTHI PAaBHBI Hy10. B camom nere,

> > XA =0
i=1 j=1

(O — mymeBas marpmiia), ecim TOIbKO Bce \;; = 0. Ilpm stom mma mo6oit
MaTpuipl A pasmepa m X 1 CIPABEIJIUBO PABEHCTBO

‘e m n
A=\ ............... = E E aiinj7
aml .- Qmn i=1 j=1

KOTOPOE O3HAYAET, UYTO CUCTEMA U3 mn + 1 Marpuilsl yxe Oymer JuHEHHO 3a-
BUCHMOIA.

1.2. JIuHeliHad He3aBUCHMOCTDb
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1.3 Bazsuc

Bazucer mo3BOIAIOT 3aMKUCHIBATE BEKTOPBI JIMHEHHOTO TPOCTPAHCTBA B KOMIIO-
HEeHTHOI1 (KoopauHaTHOH) OpMe TaK Ke, KAK 3alUCHIBAIOTCH OObIYHBIE BEKTO-
pBbIL.

Ba3ucom B JinHEHOM IPOCTPAHCTBE HA3BIBAETCH KOHEYHAH YIIOD:IOYEH-
Has CHUCTEMA JIMHEHHO HEe3ABUCHMBIX BEKTOPOB, 00JIAIAIOIIAs TEM CBOMCTBOM,
97O 1000 BEKTOP JUHEHHOTO MPOCTPAHCTBA ABJIACTCA X JUHEHHON KOMOMHA-
uen.

Bazuc u3 n BekropoB Oymem obo3Hauarh < €1,...,€, >, a BEKTODHI €;
Ha3bIBaTh Oa3ucHbIMEH. Ecam 6a3uc CymecTByer, JHHEHHOEe IMPOCTPAHCTBO Ha-
3BIBAETCA KOHEUHOMEPHBIM (N-MEPHBIM), 2 YUCIO N — PA3MEPHOCTNDLIO
mpocTpaHncTBa. Kcim ke jist 1100010 1 B JIHHEHHOM MPOCTPAHCTBE CYIIECTBY-
€T CHCTEMA U3 7 JIMHEITHO He3aBUCUMBIX BEKTOPOB, TO JIMHEHHOE TPOCTPAHCTBO
Ha3bIBAETCH HECKOHEYHOMEDPHDBIM .

B n-meprom mpocrpancTBe 11000 BEKTOP MOXKHO 3AIKUCATH B BUJE JINHEH-
HO# KOMOuHaIMK BEKTOPOB 6a3uca, KOTOpast HA3bIBAETCH PA3A0HCEHUEM BEK-
mopa no ba3ucy, a kK03 UIUEHTH JIUHEHHON KOMOMHAIINN — KOoadPuuu-
eHMaAMU PA3AOHCEHUS:

X=rT1€1+... txTpe, = [X}T[e]'

Yucna x1,...,T, HA3BIBAIOTCS KOMNOHEHMAMU W KOOPOUHAMNAMU BEKTO-
pa X, a 3aIuch [X|, [X]e O3HAYAET MpE/CTABIEHNE KOMIOHEHT BEKTOPA B BHJE
MaTpUIBl pa3Mepa 1 X 1, TO ecTh B Bue BeKTOpa-cTojibna (¢ mobasjieHueMm
obo3nauenus 6a3uca, ecam 3TO CyIIECTBEHHO):

x] =

Bazuc Oynem 3amuchiBaTh TakKuM Ke 00pa3oM:

en

€1
[x]T[e}:(xl,...,mn) e | =xer + ..+ e,
€n

1.3. Ba3suc
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Teopema 1.7. Koopdunamo, 6eKmopa 6 n-MepHOM NPOCMPaHCMee onpedens-
0MCA 00HO3HAYHO.

Zloxaszameavcmeo. TlpeamnonoxkumM, 9T0 UMEETCs IBA PA3TOXKEHNA OTHOTO U TO-
IO 2Ke BEKTOpa 10 DA3UCY:

X=2x1€1+ ... tTpey;, X=vy1€1 + ... +Yn€y.
Borunras w3 ogHOrO paBeHCTBA JAPYroe, MOy IaeM

(331 - yl)el +...+ (xn - yn)en = 0.

Tak Kak BEKTODHI €1, . . . , €, JIUHEHHO HE3aBUCUMbI, TO 9TO PABEHCTBO BO3MOYXKHO
TOJIBKO TIPU HYJIEBBIX KOI(DMUIINEHTAX JTUHEHHON KOMOWHAIMHN: T1 = Y1, -- .,
LTn = Yn- ]

Teopema 1.8. B K0HEUHOMEPHOM NPOCMPAHCMEE 068G PA3AUNHBLE OA3UCa 6Ce-
2da cocmoam u3 00H020 U MO20 JHCe KOAUECTNGA BEKMOPOS.

Zloxaszameavcmeo. Ilycrb B IMHEHHOM IPOCTPAHCTBE CYIIECTBYIOT /IBa Oasuca
< ep,...,e, >u < f,....f, > npuuem, m > n. Paznoxum BekTOopsI f;,
i = 1, m, 0 BeKTOpaMm TepBOro Ha3mca:

n
fi = E Qij€j, 1= l,m, (16)
j=1
rme o — KO3p@UIMeHTH pasnoxkeHuna BekTopa f; mo Gasmcy
<ep,...,e, >. CocraBum u3 KOIGOUIUEHTOB PA3TOKEHUS MATPUILY
a1 A1m
am1 Amn,

Tak Kak m > n, TO CTPOKU MATPWIIHI, PACCMATPUBAEMbIE KAK 7-KU UUCET B

npocrpancree R nunelHO 3aBUCHMBL B CHIIy TeopeMbl 1.6. 9TO 3HAYUT, 4TO

CYIIECTBYeT X HeTPUBHAIbHAS JHHEHHAS KOMOMHAIAS C KOA(DPUIHEHTAMH A1,
-y Am, DaBHAs HYJIEBOMY BEKTODY:

Ao, y0nn) + oo+ Am(amt, - oy amn) = (0,...,0),

njain
m

> Niaij =0, j=Tn. (1.7)

i=1

1.3. Basmuc
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CocraBuM HETPUBHAJIbHYIO JIMHEHHYI0O KOMOWHAIMIO [JjIs BEKTOPOB Oasmca
< fy,..., £, > u npeobpasyem ee ¢ nomoipo dhopmysbl (1.6):

n m

m m n
E )\zfz = E )\1 E aijej = E )\iaij ej = 0,
i=1 i=1 j=1 1

j=1 \i=

TaK KaK BBIPAXKEHUs B KPYTJIBIX CKOOKax pasubl 0 B cuny pasencts (1.7). Sua-
aut, BeKTOpshI {1, ..., £, JuHeiino 3aBUCHMBI U HE MOTYT OOPa30BHIBATH OA3UC.
CrenoBarenbHO, M = N. O

Teopema 1.9. B n-meprom npocmpancmee Kancoas ynopadouennas Cucmema
U3 N AUHETHO HE3ABUCUMBLE BEKMOPO8 ABAAELMCA DA3UCOM.

Zloxaszameavcmeo. Ecimm 3T BEKTOPBI HE COCTABSIOT 0A3UC, TO B MPOCTPAH-
crBe cymectByer n+ k, k > 1, ne3aBucuMbiXx BeKTOpoB. Eciu 310 cripaBesiuBo
JJIst JII000T0 kK, TPOCTPAHCTBO OECKOHETHOMEPHO, UTG TPOTHBOPEYUT YCIOBUIO
teopembl. [lycTth umeercs n + k HE3ABUCHMBIX BEKTOPOB, a Jiobbe n + k + 1
BEKTOPOB JIMHEHHO 3aBUCHMBI. Torma 0a3mc coCTOUT u3 1 + k BEKTOPOB, & ITO
MIPOTUBOPEYUT Teopeme 1.8. O

Wcnonb3ys pe3ynbTaThl TPeabIAYINEro ., OTMETHM, ITO DA3UCOM IPOCTPAH-
cTBa OOBIYHBIX BEKTOPOB HA IJIOCKOCTHU SBJIAETCA JII00As yIOPAIOYEeHHAS mapa
HEKOJIJIMHEAPHBIX BEKTOPOB, MPUHAIJIEKAIINX TJIOCKOCTH; PAa3MEPHOCTh MPO-
CTPAHCTBA pPaBHA 2.

Basuc 00bI9HBIX BEKTOPOB B MIPOCTPAHCTBE 00pa3yer JI0das TPOiKa HEKOM-
IJIAHAPHBIX BEKTOPOB; Pa3MEPHOCTH MPOCTPAHCTBA paBHA 3.

Bazuc nupocrpancrsa R™ — i100ble 1 BEKTOPOB X1, X2, . . . ; X,,, /1 KOTOPBIX
cocTodInuit u3 HUX onpejesnuresib # 0; pa3MEPHOCTb MPOCTPAHCTBA PABHA 1.
Ormerum, uTo B Gasuce

e; = (1,0,...,0), ea = (0,1,...,0), ..., €, = (0,0,...,1) (1.8)

BEKTOp X = (x1,T2,...,Ty) = T1€1 + To€s + -+ + €, HUMEET KOMIOHEHTHI,
COBITQJAOIRe ¢ HAGOPOM YHCEJI, OIPENeIIIOInX N-Ky.

B mpocrpaHCTBE MHOIOYJIEHOB CTEIIEHH HE BBIIIE N-0i 0A3MCOM ABJIAETCA
yHopsigoueHHOe MHOXKecTBO < 1,t,t%,...,t" >, pa3MepHOCTh TPOCTPAHCTBA
paBua n + 1.

IIpocTpancTBa BCEX MHOTOWJIEHOB M (DYHKIWHA, HENMPEPBIBHBIX Ha OTPE3KE
[a, b], BECKOHEYHOMEDHBIL.

1.3. Basuc
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B npocrpancTBe MaTpuir pazmepa m X n Da3UCOM SIBJISETCS YHOPSI0YeHHOe
MHOKECTBO

<A117"-aA1’I’L7A217'"7A2n7"'7Am1)"'7Am’ﬂ >1

Pa3MEPHOCTb IPOCTPAHCTBA PABHA, MN.
PaccmoTrpuM, Kakoit BUA B 7T-MEPHOM TPOCTPAHCTBE C Da3WCOM
<ei,...,e, > IPUHAMAIOT CBOHCTBA BEKTOPOB, IIPEICTABICHHLIX CBOUMHI KOM-
MTOHEHTAMU.
IMycrs x = z1€1 + ... + zpey, = (T1,...,Zn), Y = Y1€1 + ... + Yne, =
= (yla v ayn)

1° Ymobw, caoocumsn (6viuecmsv) dea 6eKmopa, HYHCHO CAOAHCUMD (6biecmsp)
UL COOMBEMCMEYIOULUE KOMTOHEHTIbL:

xty=(z1ty1,...,Tn L Yn).
HeficTBUTETBHO,

xty=(rie1+...+zre,) (101 + ... +Ynen) =
=(zx1y)er+ ...+ (xn T yn)en.

2% Umobwi YMHOAHCUMb 6EKMOP HA “YUCNAO0, HYHCHO HA IO YUCAO YMHOICUIND
6C€E €20 KOMNOHEHML.

Ax = (Az1,. .., ATp).
B camowm 1ene,
X = Az1e1 + ...+ zpe,) = (Ax1)er + ...+ (Azp)e,.

32 Bexmop mozda u moavko mo20a umeem HYseevle KOMNOHEHMbL, K020a OH
HYNEBOT:
o=(0,...,0).

Jnst HyneBoro BeKTOpa 0 = X — X = (21 — x1)€1 + ... + (Tp — Tn)ep, =

=0e; + ...+ Oe,.
Haob6oport, eciiz z = 0eq + ... + Oey,, TO

Vy)z+y=0+y1)er+...+(0+yn)e, =vyier +... + ynen =y.

9T0 3HAYUT, YTO Z = O.

1.3. Ba3suc
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42 Bexmopol pasHb, moz20a u moAbko mozda, k0206 PasHbl UL COOMEEMCMBYH-
WUE KOMNOHEHITIbL:

X=Y <= 21 =Y, Ln = Yn.
Cureyer u3 Toro, 4ro
x=y<=x—-y=o0<=(x;1—y1)e1r+...+ (x, —yn)e, = 0.

ITo mpeawpiaymemy cBoitctBY 1 —y1 = 0,y Ty, — Y = 0, Wt 1 = Y1, ...,
LTn = Yn-

1.3. Basmuc



2 Tl'eomeTpus JMHENHOTO MPOCTPAHCTBA

2.1 Addunnoe npocrpamcTso

B 00brdHOM reoMerpuuecKoOM MPOCTPAHCTBE CHAYAJA, BBOJAUTCS IMOHATHE TOY-
KU, 8 3aT€M Ha OCHOBE TOTO TMOHATHS — MOHSTHE BEKTOPA KAK YIOPSI0YEHHON
mapbl TOYEK. B Teopuu JIMHEHHBIX MPOCTPAHCTB MOCTYMAT HA0OOPOT: HA OC-
HOBE YK€ MMEIOIIErocs MOHATHS BEKTOPA JTUHEHHOrO MPOCTPAHCTBA BBOIUTCS
MOHSITAE TOYKH, & 3ATEM JIPYTHe, CBI3aHHBIE C HUM TOHSATHS.

IIycrs nmeercsa n-mepHOe THHEHHOE MPOCTPAHCTBO. Ero 3/meMenTs! ObLn Ha-
3BaHbI BeKTOpaMu. MOKHO BCIIOMHUTH, 9YTO B OOBIYHBIX T€OMETPUYECKUX MPO-
CTPAHCTBAX KAXKJbI BEKTOD OMPEIEISICA ABYMsS TOYKAMHU: CBOMM HAYAJIOM U
KOHIIOM, a KaXK/iasl TOUKa Ipe/cTaBIIsia coboil KoHel paauyc-sekropa. OcHOB-
HOE OTJIUYHE PAIUYC-BEKTOPOB OT MPOYUX BEKTOPOB COCTOUT B TOM, UTO BCE
Pa/uyC-BEKTOPbI BHIXOJAT U3 OJHOM U TOM 2Ke Touku (Hadasa koopauuar). Ho,
BOODIIE TOBOPs, B BEKTOPHOI ajiredpe paccMaTpUBAIOTCs CBOOOTHBIE BEKTOPDI,
HE MPUBA3AHHBIE K KAKOW-TNO0 KOHKPETHOM Touke. [10aTOMYy MOXKHO CKa3aTh,
9TO TOYKE COMOCTABJIEH IEJIBIN KJIACC PABHBIX APYT APYTY BEKTOPOB, WJIU, MO-
JIDYTOMY, OJIMH U TOT Ke CBOOOJHBIN BEKTOP.

ITocTynum HAOOOPOT: BEKTOPY COIOCTABUM TOYKY. VIMeHHO, moukot A u-
HEITHOIO MPOCTPAHCTBA HA30BEM HEKOTOPBIA BEKTOP X 4. Takyio TOYKY HeEJib-
351 MOCTPOUTH AK€ B OOBIYHOM T'€OMETPUYECKOM MPOCTPAHCTBE, TaK KAaK JIJIst
MMOCTPOEHUsT HYyKHA, cucTeMa Koopamuar. Ho cHagasa ybemmmcs B TOM, d9TO
BBEJIEHHOE TIOHSITHE TOYKY OIMPABIHIBACT HAIIE WHTYUTUBHOE TIPEJICTABICHUE O
TOYKAX M BEKTOPAX, & 3aTEM BBEJEM CHCTEMY KOODIUHAT.

[Ipexze Beero Kaxk10it nmape rouek A u B mocTaBuM B COOTBETCTBUE BEKTOD
Z =X — Xp. TeM caMbIM KaxKaast yHIOPsIOYeHHAS TTapa Pa3HbIX ToUeKk A u B
OyIeT OnpeaeaTh eIUHCTBEHHBIN BEKTOP Z, TpuYeM, TOYKa A Oymer canrarbest
Ha4YaJjI0M BEKTOpA Z, & TOYKa B — ero KOHIIOM.

N3 sroro onpeenenus CAeayoT ABa BAXKHBIX YTBEPKIEHUsT, KOTOPBIE 9acTO
MPUHUMAIOT B KAYECTBE AKCHOM TOYEIHO-BEKTOPHOI'O MIPOCTPAHCTBA.

19
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12 Jas 060t mouku A u 4100020 6eKmopa X cyuecmeyem eouncmeeHHas
mouka B makas, wmo AB = x (eexmop u €20 nauaio 00n03nauHo onpedeastom
KoHey, 6eKxmopa,).

HelicTBUTETHHO, B Ka4deCcTBe TOYKH B HA0CTATOYHO B3ATH TOUKYy B =
= x4 + X, noromy uro torga AB = (x4 + X) — x4 = x.

2 % Jlaa 006w mpexr mouwex A, B u C ewnoaneno pasencmeo AB +
+BC = AC (ciooicerue 6eKmopos no npasusy mpeyzorbHuKa,).

B camowm nese, AB + BC = (xp —x4) + (X¢ — xp) = x¢ — x4 = AC.

JInHeiiHOE M-MEpHOE MPOCTPAHCTEO, AOMOJIHEHHOE TOYKAMHU, KOTOPHIE YIO0-
BIIETBOPSIIOT 3TAM yTBEPIKICHUSAM, HA3BIBACTC adPurHvim (AU mMouewHo-
6EKMOPHBLM) N-MEPHBIM MTPOCTPAHCTBOM.

PaccMoTpum ele HeCKOJILKO CJle/ICTBUI.

3% Ecau AB=AC =x, mo B=C.
D10 cpa3y BBITEKAET U3 MEPBOrO YTBEPIKICHUS.
42 Jlas mobotli mouku A eexmop AA = o.

HeiicrBUTEIHHO, U3 BTOPOrO yTBepKaeHus caemayer, uro AA + AC = AC.
Ho Takuwm cBoiicTBOM 001a/19€T TOJBKO HYJIEBO# BEKTOP, modTomy AA = o.

5% Bexmopom, npomusonosodcuum sexmopy AB, aseisemcesa eexmop BA.

CuoBa ucmonb3ys BTOpoe yTBep:xkaenue, mogydaem AB + BA = AA =
=X4 — X4 = 0. 3uaunt, BA = —AB.

62 laa mobux wemuper movex A, B, A, B’ pasencmseo AB = A'B’ umeem
mecmo mozda u moavko mozda, kozda AA" = BB’ (daa aobozo eexmopa AB
u3 10601 mouxu A’ mooscno omaosicums pasuniti emy eexmop A'B’, cm. puc.
2.1).

D10 BEITEKaeT u3 paseHcTsa AB + BB = AB' = AA' + A'B’.

Teneps BBeaeM cucreMy KoopauHar. lexapmoeot cucmemot xoopou-
nam B adUHHOM N-MEPHOM IPOCTPAHCTBE HA3BIBAETCS COBOKYIHOCTH TOY-
ku O (Hawaaa xoopdunam) u Gazuca < €,...,€, >, KOTODLIH OyaeM Ha-
3BIBAThL dexapmossim ba3ucom. B mexkapToBoMm Oasmce KaskI0H TOUIKE TPO-
crpaHcTBa, A COOTBETCTBYET €IMHCTBEHHBIA BekTOp (paauyc-BekTop) OA =
= z1€1 + ... + T,€,, KOOPJAUHATHI KOTOPOTO HA3BIBAIOTCS KOOPOUHAMAMU
ToukKM A, TaK YTO TOYKY MOXKHO 3aluChiBaTh Kak A(x1,...,x,). Ilockoubky
Bekrop OO =0 =0e; + ...+ Oe,, Touka O uMmeer HyJieBble KOOPAUHATDI.

2.1. Addunnoe npocTpaHCTBO
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A B’

A B
Puc. 2.1: K crencrsuro 6

Ecm A(x1,...,2,) u B(y1,...,yn) — aBe Touku adbGUHHOrO MpoCTpaH-
crBa, To B cuny pasenctBa OA + AB = OB wmvmeem AB = OB —
—OA = (z1 —y1)er + ... + (x, — yn)en. Takum 06pazom, 4TOGHL MOIYIUTD
KOOP/IMHATHI BEKTOPA, Hy?KHO U3 KOOPJMHAT €r0 KOHIA BBIYECTb KOOPIUHATHI
€ro HaJaJIa.

Kak m3BecTHO, B TPEXMEPHOM IMPOCTPAHCTRE TPAMAast C HAMPABJIAIOMAM BEeK-
TOpOM  a = (a1,as2,a3) * 0, TPOXONAIIAs Yepe3  TOYKY
Mo (2°,4°, 2°), 3amaerca cucremoit ypapHenwuit

ai az as

ITo amanorum B AeKapTOBOI cUCTEME KOOPAUHAT ad(GUHHOTO IPOCTPAHCTBA

NPAMOT C HAIPABJIAIOIIXAM BEKTOPOM a = (a1, . . ., ay) F O, IPOXOJAIIei Yepes
TOUKY Mo (29,...,22), Ha3bIBAIOT MHOZKECTBO TOYEK
M(z1,...,x,), KOOPIUHATHI KOTOPBIX Y/IOBJIETBOPSIIOT CHCTEME YDABHEHUIT
zy — af T, — 20
a1 Qp,

Ecau npupaBHATH BCe 9TH OTHOIIEHUS OJHOMY W TOMY Ke TmapameTrpy t, TO
CHCTEMY MOXKHO IIeperucarb TaK:

T —x(l) :alt,...,xn—xgzant.
Ecsin Tenepnr BBecTn pammyc-eKropbl Touek r = OM = (x1,...,2,), o =
OM, = (29,...,2%), To COBOKYMHOCTE TIOTyYeHHBIX BRIDAYKEHUTT MOXKHO 3ame-

HUTH OJHUM BEKTOPHBIM ypaBHEHUEM

r —rg = at,

2.1. Addunnoe nmpocTpaHCTBO
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KOTODPOE HA3bIBAETCS BEKIMOPHBIM YPABHEHUEM NPAMOTL.

[11ocKOCTh B aHAIMTUYECKOI TEOMETPUU ONUCHIBAETCS, HATPUMED, CBOUM
obmum ypasuennem Az + By+ Cz+ D = 0. B addunnom npocrpascTse mwioc-
KOCTH COOTBETCTBYET 2UNEPTLAOCKOCTNSG, KOTOPO HA3BIBACTCS MHOXKECTBO TO-
qek M(x1,...,%,), KOODANHATHI KOTOPHIX YIOBJIETBOPSIIOT YPABHEHHIO

Ajz1+---+ A2, +A=0

OpU yCJIOBUH, 9TO BEKTOP HOopmaau n = (Ay, -+ A,) # o.

2.2 EBKJINI0BO ITPOCTPAHCTBO

BeeienHbIe IOHATHS €111e He TO3BOJIAIOT HAXOJAUTH PACCTOSHUS MEXK Ty TOYKAMHU
B apPUHHOM HPOCTPAHCTBE UM YIJIbL MEXKJLy BEKTOPDAMH U JPYIUMHU IEOMEeT-
PUYECKUMU OOBEKTAME B MPOCTPAHCTBE JUHEHHOM. UTOOBI 3TO CTATIO BOZMOXK-
HBIM, HY?KHO BBECTH €II[e OJIHY OMEPAIINI0 — CKAJISAPHOE YMHOKEHIE BEKTOPOB.
B mamHOM 1. OyneM paccMaTpEBATH TONBKO JeHCTBUTENLHBIE JIMHEHHBIE MPO-
crparcrBa. O600IIAsi CBONCTBA CKAJISPHONO yMHOXKEHHS OOBIYHBIX BEKTOPOB,
CKAAAPHBIM YMHONCEHUEM BEKTOPOB X U Y JIMHEHHOrO IMPOCTPAHCTBA HAa-
3BIBAIOT OMEPAIINIO, CTABSIIYI0 B COOTBETCTBIE STUM BEKTOPAM JIeHCTBUTEIHHOE
YUCJIO0 X - Y, HA3BIBAEMOE CKAAAPHBIM NPoOu3eedeHuem BEKTOPOB X U Yy, 1
00JIa/IAIONIYIO CIIEYIONUMHU CBOMCTBAMMU.

12 x-x > 0, npuvem, ecau X -x =0, mo X = o.
20X y=y-X.

3 (x+y)z=x-z+y- z

42 (ax) y=a(x-y).

31ech X, y, Z — TPOU3BOJIbHBIE BEKTOPBI, ( — MPOU3BOJIbHOE YHUCI0. st
KpaTKocTu 6yneM najee 0603HAYATH X2 = X - X.

JIuHeiHOe IPOCTPAHCTBO, B KOTOPOM MMEETCsl Ollepalyusl CKaJAsSpHOrO yMHO-
JKeHUsI BEKTOPOB, HA3LIBACTCS e8KAUI08bIM TIpocTpancTBoM. Addunnoe n-
MEpPHOE MPOCTPAHCTBO, €CIM B HEM OIPEIEIEHO CKAJISIPHOE TPOU3BEJICHNE BEK-
TOPOB, Oy/IeM HA3BIBATH €68KAUIOBBIM AHHUHHBIM NPOCTNPAHCINEOM.

,HOK&}KGM CIIeICTBUA, BbITEKAIOIIHUE U3 3TUX aKCHUOM.

12 x- (ay) =a(x-y).
HeiicrBuTesibHO, HA OCHOBAHMU BTODPON M 4YeTBEPTONl akcuoM X - (ay) =
= (ay) - x=a(y -x) =a(x-y).

2.2. EBKJIMI0BO IPOCTPAHCTBO
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2 x (y+z)=x-y+x-z

Crnepyermz x- (y+z)=(y+2z)-x=y-x+z2-x=Xx"y+x-2z

3 (kilo‘kxk> Y= i k(XK y), X (i ak}’k) =

k=1 k=1

ap(X - yi).

e

4° x-0=0.

Tak kak 0 = 0x, r0 X -0 =x - (0x) = 0(x - x) = 0.

Aaunoti (modyaem) BEKTOpa X HA3BIBACTCs KOPEHb KBAJAPATHBIA U3 CKa-
JISPHOTO TIPOM3BENIeHUsT BeKTOpa Ha cebsa. OOO3HAUAETCs IJINHA BEKTOPA €B-
KJINJIOBA TPOCTPAHCTBA TaK Ke, KAK M JJIMHA OOBIMHOTO BEKTOpA: |X| = /X - X.
U3 mepBoit akKCHOMBI CKAJISIPHOTO TTPOM3BECHUS U CJIEICTBUS 4 BBITEKAET, UTO
JJTHHA BEKTOPA paBHA HYJIO TOIJIA M TOJIHKO TOIJA, KOTJA BEKTOp HyseBoi. B
eBKJInI0BOM adduHHOM mpocTpaHcTBe iauHa BekTopa AB ompenenser pac-
CTOsSTHUE MexXIy Toukamu A n B.

C nyimHOI BEKTOpA CBSI3aHBI CJIEIYIONINE YTBEPHKICHMUSI.

Teopema 2.1 (Hepasencrso Komu-ByuskoBckoro).

x-y| < x|yl (2.1)

Zloxaszameavcmeo. Ilyctb X My — NPOU3BONBHBIE BEKTOPHI €BKJIHI0BA MIPO-
CTPAHCTBA, & (o U [ — IPOU3BOJIbHBIE YHCJIA. TOTJa B CHJIy HEPBOH aKCHOMBI
CKAJIIPHOTO IIPOU3BE/ICHUS CIPABE/IMBO HEPABEHCTBO

(ax + By) - (ax + By) = o®x* + 2aB(x - y) + B°y* > 0, (2.2)

MpUYeM, PABEHCTBO HYJII0O UMEET MECTO TOJIbKO, Koraa ax + Jy = o. Ilonoxus
B TOCJIEHEM HepaBeHCTBe a = y2, a 3 = —(X - y), Hoayaum

x*(y?)? =2y (x - y)? + (x - y)’y? = ¥2 X%y —2(x - y)? + (x - y)?] =
y x’y? - (x-y)’] >0,

OTKYyZIa U CJIEJlyeT JOKa3bIBAEMOEe HEPABEHCTBO Npu y # 0. Ilpu y = o mepa-
BeHcTBo (2.1) oueBuuHo. O

CuencrBue 2.1. Pasencmso 6 gopmyae (2.1) umeem mecmo mozda u mosvko
moeda, K02da X Uy AUHETHO 3A6UCUMDL.

2.2. EBKJIMI0BO IPOCTPAHCTBO
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[oxasameavcmeo. Ilycth x w y JuHeiiHO He3aBucuMbl. Torma mpwm
a # 0wm f # 0 umeem ax + 8y # o u (2.2) npespaiaercsa B CTPOroe
HEPABEHCTBO, & BMECTE ¢ HUM CTAHOBUTCS CTPOIMM HepaseHCTBOM u (2.1).

O6paruo. Ilycrs X 1 y JuHEHAHO 3aBUCUMbL. 3HAYUT, CyLIECTBYET UX HETPU-
BHAJIbHAS JIMHEHHAs KOMOWHAIWS, paBHAsd HYJIEBOMY BEKTOPY: aX +
+0y = o. YMHOXKAsA 3TO PABEHCTBO MOOYEPEIHO HA X U Y, IMOJYyYUM CHUCTE-
MY OJHODPOJHBIX yPaBHEHU

ax? +B(x-y) =0,
aly -x) + By* = 0.

Tak Kak OHa UMeeT HeHyJeBoe pellleHue OTHOCUTEeNLHO o U (3, TO ee oIpejelu-
Tesb paBeH Hymo: X2y? — (x-y)? = 0. O

Teopema 2.2 (Hepasencrso Munkosckoro).
x+yl < [x[+]yl (2.3)

Jlokasameavcmeo. TIycTh X My — TPOM3BOILHBIE BEKTOPH eBKIWIOBA TPO-
crpancrsa. Toryia B cuy mepasencTsa (2.1) u u3 Toro, urto x2 = x - x = |x/|?,
IMeeM

(x+y)P=x>+2x-y)+y> <x*+2)x|ly| +y* =
= x> + 2x/ly| + [y[* = (Ix] + ly])?,

OTKY/la U CjlejlyeT JIOKa3blBaeMOe HepaBeHCTBO. O

Teopema 2.3.
x| =yl < x—yl. (2.4)

ﬂonasammbcmeo. Ha ocnoranum HEPABEHCTBA MuUHKOBCKOTO

x| <|x-y+yl<|x-yl+lyl = x| -yl < [x -yl

O

Caencreue 2.2.
x| = Iyl < [x =yl (2.5)
Hoxazameavemeso. Uz (2.4) cpazy cuemyer, uro |y| — |x| < |x — y|, wiu

—|x —y| < |x| = |y|- Bmecre ¢ (2.4) 310 maer —|x —y| < |x| — |y| < |x —y]|,
910 U TPebOBAIOCH JOKA3ATh.

2.2. EBKJIMI0BO IPOCTPAHCTBO
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Hepasencrsa (2.3) u (2.5) Ha3bIBAIOTCS HEPABEHCTBAMHU TPEYTOJbHUKA: €C-
JIW BEKTOPHI X W y TPEACTABJSIOT PA3JIWIHBIE CTOPOHBI B TPEYTOJBHUKE, TO
HEPABEHCTBA O3HAYAIOT, YTO CTOPOHA TPEYTrOJbLHHKA HE OOJbIIE CYMMbI U HE
MEHbBIIIe MOy PA3HOCTH JABYX €ro JAPYIHUX CTOPOH.

Hepagsenctro Komu-ByHaKOBCKOTO MO3BOJSIET BBECTU TIOHITHE YTJIA MEXK-
JIy ByMsI BEKTOPAMHU B €BKJIMJIOBOM TTPOCTPAHCTBE. TakKWM yTiIOM HA3BIBAETCS
qncyio ¢, 0 < ¢ < 7, yI0BIETBOPSIOINIEE PABEHCTBY

Xy

O Kyl

(2.6)
HepagencTso Kormmu- ByHIKOBCKOTO rapaHTUPYET, YTO BBEICHHAS BEJIMINHA MO-
JKeT JIeCTBUTEJIbHO CIUTATHCSI KOCHHYCOM HEKOTOPOT'O yIJla, TO €CTh Oy/eT BbI-
nonHAThCs | cos | < 1.

BekTopbl X u y HA3bIBAIOT OPMO20HAAbHBIMUY u tuilyT X L y, ecim
x -y = 0. HysieBoit BeKTOp CUnTaETCS OPTOrOHAIBHBIM JIIOOOMY BEKTODY.

Teopema 2.4. Toavko Hyse60U 6eKMOP 0OPMO20HAAEH A0OOMY BEKMOPY.

Loxaszameavcmeo. Eciu x -y = 0 ajist 1106010 BEKTOpa y, TO, B35AB Y = X, IO~
JyauM X -X = 0, 9TO MO MepBOil AKCHOME CKAJISIPHOTO MTPOU3BEIEHIS BO3MOXKHO
JIAIIB JIJIs HYJIEBOTO BEKTOPA. O

Bazuc B €BKIMI0BOM MPOCTPAHCTBE HA3BIBACTCS OPNMO20HAADHBIM , €CIIH
BEKTOPBI H6A3UCa MOMAPHO OPTOTOHATBHBI.

Teopema 2.5. IlonapHno opmozorasbHble U HEHYAEBDLE BEKTNOPDL NUHETHO HE3a-
BUCUMDL.

Zloxaszameavcmeo. I1peamonoKuM MPOTUBHOE: UTO BEKTOPBI X1, X2,...,X;y MO~
[IAPHO OPTOrOHAJLHBI U HEHYJIEBbIe, HO JMHEHHO 3aBucuMbL. Torma Haiiaercs
X HETPUBUAJIHHAS JINHENHAS KOMOWHAIINS, PABHAS HYJIEBOMY BEKTOPY:

)\1X1 +>\2X2 + ... +)\me = 0,

npu4deM, JJ1d ONpeaeIeHHOCTH IyCTh )\1 75 0. YMHOXKHUM 00€ YacTu paBEHCTBa
Ha X71:
)\1(X1 . X1) —+ )\2(X2 . Xl) + ...+ )\m(xm . X1) = 0

B cuiy momapHOii OpTOTOHANBPHOCTH BEKTOPOB TOJLYYEHHOE PABEHCTBO YIPO-
maercss 10 A1 (X3 - x1) = 0. Tak Kak BeKTOp Xj HEHyJ€BOi, T0 A; = 0, 4TO0
IPOTHBOPEYHT IPEIIIOTI0KEHHIO. O

2.2. EBKJIMI0BO IPOCTPAHCTBO
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OproronaabHbIi 0a3MC B €BKJINWJIOBOM ITPOCTPAHCTBE HA3LIBAETCI OPMO-
HOPMUPOBAHHDBIM , ECIT BEKTOPHI 0A3UCA UMEIOT €IUHUIHYIO AIuHY. 3 TO/b-
KO 9TO JOKA3aHHON TEOPEMBI CJIEIYeT, 9TO OPTOHOPMHUPOBAHHBIN OA3UC COCTOUT
n3 JUHENHO HE3aBUCHUMBIX BEKTOPOB.

IIycts < €1,...,€, > — 6a3MC eBKINIOBA TTPOCTPAHCTBA U IyCTh B 3TOM
baszuce x = r1€1 + -+ xTpe, Uy =y1€1 + - - + ype,. Torma

n

x-y=(zie1+ - znen) (Y1614 yne,) = Z Ziﬂiyj(ei -ej).  (2.7)
i=1 j=1

Ecau 6a3uc < ei,...,e, > OPTOHOPMHUPOBAHHBIHA, TO €; - €; = 0 (i # j), a
e; -e; = 1, u mosromy opmyna (2.7) CTAHOBUTCS TaKOii:

Xy =x1y1 + + Tpln. (2.8)
B marpuunoii dpopme dopmyny (2.8) MoxkHO 3ammcars Kak X -y = [x]7[y].

IIpumep 2.1. B aunetinom npocmpancmee R™ 6 xauecmee ckaraprozo npous-
sedenus 6ekmopos X = (T1,...,&n) WY = (Y1,...,Yn) NPUHUMAIOM BEAUNUHY
X Yy=21Yy1+ -+ Tnln-

Pewenuve. HerpyIHO IPOBEPUTH, 9TO 3Ta BEJHYUHA YIOBJIETBOPAET BCEM aK-
CHOMaM CKaJIsIPHOIO Ipou3BeleHus. B opronopmuposantom 6asuce (1.8) ona
Bbruucssercs 1o dpopmyiie, coBuasaoieii ¢ popmysoii (2.8). O

IIpumep 2.2. B npocmparcmee MHO204AEHO8 CMENEHU HE GBLUE N-0T CKAAAD-
HOE MPOUSBEIEHUE MHOZOUAEHO8 X = Pn(t) = a9 + ait + a2t2 +
+ant™ uy = Qn(t) = b + byt + bot® + ... + byt™ mooicro onpedeaums max:

Xy =agby + a1by + ...+ apb,. (29)

Pewerue. Boimonnerne akCuoM CKaJIIPHOTO IPOU3BEIEHUs TAK K€ OYEBHU/THO,
KaKk ©W B IpEAbLAyImieM mpuMepe. B opToHOpMEHpOBaHHOM  Oasuce
< 1,t,¢2,...,t" > BRIUNCIEHNe CKAJSPHOTO MPOM3BEICHUSA (DAKTHIECKH TPO-
u3BoanTcs 1o dbopmyie (2.9). O

IIpumep 2.3. B npocmpamncmee 6cCer MHO204AEHO8 6 KAYECMBE CKANAAPHO-
20 MPOU3BEIEHUA MHOZOUAEHOE X = Pn(t) = a9 + a1t + a2t2 + ...+ apt™ u
Y = Qu(t) = by + b1t + bat? + ... + by, t™ ModicHO NPURATIL GeAUNUNY

Xy = agby + a1b1 + ... + apby,

2de k = min(n,m).

2.2. EBKJIMI0BO IPOCTPAHCTBO
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IIpumep 2.4. B npocmpancmee Mamputy, pa3mepa m X n CKGAAPHOE NPOU3Ge-
denue deyx mampuy x = {a};; uy = {b}i; 3adaemca Popmyarot

X'yzzza’ijbij' (210)

i=1 j=1

Pewenue. VI B 3roM npuMepe OY€BUIHO BBIMOJTHEHNE aKCHOM CKAJISIPHOIO MPO-
usBegenus. OrMeTrM, 4TO CKAJIIPHOE Hpou3Beenre Marpul, (yMHOXKAIOTCS CO-
OTBETCTBYIOIIME JIEMEHTbl MATPUL) OTJIMYAETCH OT ODObIYHOIO LPOU3BELEHUSs
MaTpuIl. Beraucienne CKaJIsSpHOrO MPOU3BEIEHUS B OPTOHOPMUPOBAHHOM 0Oa-

3uce
<Alla-~-7A1n7A21a-~-7A2n7~-~7Am1a-~-7A7nn >

cosuaaer ¢ (opmyaoit (2.10). O

B eBximmoBom adPUHHOM IPOCTPAHCTBE MOYKHO TOBOPUTDH 00 YIJIaX MEXKTY
HIPSAMBIMU U TUMEPIUIOCKOCTAME, UX HAPAIICIBHOCTU WJIU [EPIEH UK YISPHO-
CTH.

BekTopb! X 1y JIMHEHHOTO MPOCTPAHCTBA HA3BIBAIOT KOAAUHEGDHBIMU T
ouIyT X || y, eciu onu jiuHeiiHo 3aBucuMbl. QUYEBUIHO, HYJIEBOII BEKTOD KOJI-
JuHeapeH JToO0My BeKTOpy. B dacrHOoCTH, eciii X Uy HEHyJIeBble, HalIeTcs
qucsao A # 0 Takoe, 9To y = Ax. Ecjin npocTpancTBO n-MEpHO, TO KOMIIOHEHTHI

KOJITIMHEAPHBIX BEKTOPOB X = (X1, L2, ..., Zn) UY = (Y1, Y2, - - - , Yn) TIPOTIOPIIH-
OHAJIBHBI: T T z
1 2
no_t_  _In (2.11)
n Y2 UYn
npuueM, ecam x; = y; = 0, TO i-€ OTHOIIEeHWE OTOPACHIBAIOT, a, ecau x; # 0,

y; = 0, cuuTaror, 9TO MPONOPHUSA HE BBINOJHAETCA (TO €CTh B 3TOM CJIydae

xy).

Yaaom meotcdy npamvimu

1 1
T —z Tp — T
[ ——... .= on (2.12)
ao Qp
P x? Ty — 22
2 — = s = —
bO bn
HA3bIBAETCS yIOJl MEXKJy MX HAIPABJAOIUMH BeKTopamu a = (ai,...,a,)
ub = (b,...,b,); TAPATIEIBHOCTh U MEPIEHIUKYISIPHOCTE MPSIMBIX TaKIKe

2.2. EBKJIMI0BO IPOCTPAHCTBO
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ONIpeAe/IAI0TCA COOTBETCTBYIOIIUMU MOHATUAMM JIJIA UX HOpMaJIefI:

— — b
cosll,lgzcosa,bzf;w,
aq as (07%%
1 || lo <= be —=2—-...==2
1]l a | b " by 5

lh Ll <= alb<= ab +asby+...+ayb, =0.

To4uHO TaK XKe Ya2a0M MeHCOY 2UNEPNAOCKOCTAMU

p2:Bizi+ -+ By, +B=0
HA3bIBAETCS YTOJ MeXIy WX HopMmaasmMu n; = (Ap,...,A,) n ny =
= (By,..., By); UIEPIIOCKOCTH HapaJlie/bHbl WU TE€PIEeHIUKY/IAPHBI, €CJIu

UX HOPpMaJIH COOTBETCTBEHHO KOJIJIMHEAPHbI UJIX OPTOI'OHAJIbHbBI:

— — n; -1no
COSP1,p2 = €COSNy, N2 = 7\n ||n ‘,
1|12
[ s = ny || g = 2L = 22 o
n n P —
P1 || P2 1 2 B, B, B,

D1 J_pg<:>H1J_Il2<:>AlB1+A2B2+...+Aan:0.

VYpasuenue runepuiaockocru (2.13) MOKHO 3a1UcaTb B BUJe, KOTOPbIi HA3blBA~
eTCa 8eKIMOPHBIM YPABHEHUEM 2UNEPTNAOCKOCTNU:

n-x+A=0,

rae X = (T1,...,Ty).
Paccrogrue ot Toukn My(zY,. .., 2%) no rumepnockocrn (2.13) maxoaures

o ¢opmye

A 4+ A2l + A

VAT A2

Yenom mexny npsivoit (2.12) u runepiockoctsio (2.13) HaspiBaeTcs duc-
10 @, 0 < ¢ < 7/2, yI0BIETBOPLIOLIEE PABEHCTBY

d (2.14)

sing = [ n|
|af|n|
IIpumep 2.5. Bydym au opmozonasvuo, eexmopw x = (1,0,3,—2,1) u

y =(-3,1,2,0,—4) 6 npocmpancmee R>?

2.2. EBKJIMI0BO IPOCTPAHCTBO
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Pewenue. Haiimem ckajsipHOE MPOM3BEIECHNE STUX BEKTOPOB 10 hopmyiie (2.8):
xy=1-(-3)40-14+3-2—2-0+1-(—4)=-1#£0.

Tak Kak CKaJisipHOE [IPOU3BEAEHHNe He PABHO HYJIIO, TO BEKTOPBL HE OPTOrOHA b~
HbI. O

IIpumep 2.6. IIposepumv Koaruneaprocms sexmopos x = 9t — 62 + 153 u
y = 6t—4t2+10t3 6 npocmpancmee MHO20MAEHOE CIMENEHU He 6bLULE TPEMb e,

Pewenue. Ucnonbzyem dopmyiy (2.11):
0_9_=6_15
0 6 —4 10

[Iponopiys Beimo/HAETCs (BCE OTHOIIEHUS, KPOME IIEPBOro, paBHbI 1,5, a mep-
BOE MOXKHO OTOPOCHUTD), 3HAYUT, BEKTOPbI-MHOIOWIEHbI KOJIJIMHEADHbI. O

IIpumep 2.7. Hatimu yzoa mescdy eexmopamu

(5 )=(0 )

8 MPOCMpPaHcmee Mampuy, pa3mepa 2 X 2.

Pewenue. Boruuciaum ckassgpHoe npoussejenue BeKTopos 1o ¢gpopmyse (2.10):

1 -2 1 4
xy—(g 1)( 25>_y@n—2uﬁa+y5_

= -1-8+6+5=2

Haiinem muHbI BEKTOPOB:

<
“E m—\/( <-; j;)_

=/-1- 4-4+2-245-5=1/46.

2.2. EBKJIMI0BO IPOCTPAHCTBO
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Ocraercsa npumenuts dopmyiny (2.6):

2
cosp = —— =~ 0,076139;
YT /15V16
© ~ 85°38'.

O

IIpumep 2.8. Haiimu paccmoanue om mowku Mo(0; —1;2;3;0; —3) do 2unep-
naockocmu 2x1 + 4ro — x5 + 3xg + 1 = 0.

Pewenue. Bocronbayemcs dopmyioit (2.14):

2044 (=1)+0-240-3+(=1)-0+3-(=3)+1] _
V22424024024 (-1)2 + 32

~ 2,19.

d

12
V30

2.2. EBKJIMI0BO IPOCTPAHCTBO



3 Jluneiinbie oriepaToOpbl

3.1 JluuHeitHBLI omepaToOp M €ro MaTPHIIa

KaK B MaT€MaTHKE, TaK U B TEXHUYICCKNX HAayKaX 9aCTO BO3HHUKAET HeO6XO,JII/I-
MOCTH TIPeoOpa30BaTh JUHEHHOE MPOCTPAHCTBO: TIOBEPHYTH, CABUHYTH, CKATh
¥ T.II. ITU JEHCTBUS BBIMTOJTHSIIOT CIENUAIbHBIE O0BEKTHI, JEHCTBYIOIINE B JIN-
HEHHOM MPOCTPAHCTBE, HA3BIBAEMBIE OIEPATOPAMH WJIH MPeoOpPa30BAHUSIMU.
Onepamopom (npeobpaszosaruem) A, neficTByIOUMM B JUHEHHOM IIPO-
crpaHcTBe L, HA3BIBAETCS MPABUJIO, 110 KOTOPOMY KazK/IOMY BEKTOpY X € L
CTABUTCS B COOTBETCTBUE OMpPEIEIeHHbIN BeKTOP y € L. BekTop y Ha3biBaeTcs
06pa30m BEKTOPA X, & BEKTOP X — NPO0OPa30OM BEKTOPA y [Jis OMEpaTOPa
L. CBs3b MeXK Iy 00pa30oM U Mpoodpa30oM 3aMUChIBaeTC B Buje: y = AX.
Omneparop A Ha3bIBaeTCs AUHETIHBIM, €CIH OH 00J1aaeT CBOKCTBOM

Alax + fy) = aAx + BAy

(JiuneHbli oleparop Or JIMHEHHON KOMOUHALUMM BEKTOPOB DAaBEeH JIMHEHHOI
KOMOMHAIMU WX 00pa30B), KOTOPOE HA3BIBAETCA CBOUCTNEOM AUHETTHOCTNU.
W3 sToro cBoiictBa pu « = 1, § = 1 cjexyer, 9TO JIWHEHHBIN OMEPATOD OT
CYyMMBI BEKTOPOB PaBeH cyMMe uX 06pa3oB, a npu [ = 0 mosydaem, 9To moCTo-
SIHHBIM MHOXKUTEIb MOXKHO BBIHOCHTH 3a 3HaK omeparopa. Jlamee paccmarpu-
BAIOTCsl TOJIBKO JIMHEHHBIE OLIEPATOPBI.

OmnepaTop HA3BIBAETCS MOHCIECTNBEHHBIM 1 0003HAUAETCs £, €CTU OH He
U3MEHSIET BEKTOP: £X = X.

Hyuxaesvim naswiBaercs omneparop O, KOTOPBIH J11000i BEKTOP Tpeodpasyer
B mysesoit: Ox = o.

IIycTp B n-mMepHOM JinHEHOM IIpOCTPAHCTBE C 6asucom < ey, ..., e, > Jeii-
crByer auHeltHb onepatop A. Ob6o3naunM 006pa3bl GA3MCHBIX BEKTOPOB st
oneparopa A BosiHoit: €, = Aey,...,e, = Ae,, a UX Pa3IOKeHUs M0 BEKTOPAM

31
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6a3uca CIemyouM 00pa30M:
n
6j = Zaijei, j = 1,n. (31)
i=1
[Mycts y = Ax, nputuem,
n
X = ijej, (32)
j=1
n
i=1

HUcnonw3yst cpoiicrBo smnejiHOCTH omeparopa A u passnoxernus (3.1) u (3.2),
MOKHO IOJIy4YHUTD €Ife OAHO PA3JIOKeHHe BEKTOpa y o Oasucy:

yZAx:Aijej :ijAej :ijéj = (34)
j=1 j=1

j=1
n n n n
= E Z; E a;;€; = E E aijacjei.
7j=1 i=1 i=1 j=1
——

QurypHoit ckoOKOIT 00BeieH K03 dunueHT 31oro pasitoxkenus. OHAKO pas3iio-
JKEHUe JII00Or0 BEKTOPA MO 0A3UCYy eIWHCTBEHHO W MO3TOMY, CPABHUBAsS (DOP-
Myabl (3.3) u (3.4), IPUXOAMUM K BBIBOJLY, UTO

n
Yi = E QAijTy.
j=1

Bsenem marpuiy A = {aij} H C IIOMOIIBIO IIPOU3BE/IEHUS MATPHUIL 3AIIUIIEM
TTOCJIeIHEE PABEHCTBO B MATPUUHON hopMme:

] = Alx]. (3.5)

Takum 0O6pa3oM, B JaHHOM Oasuce MaTpuUIia A BBITOIHSET HAJ BEKTOPOM X Ta-
KOE ¥Ke neficTBre, 9To u oneparop A, Tak Kak uX pe3yIbTaTOM sIBJISIETCS BEKTOD
y. Marpuna A HasbiBaerca mampuueti aunelinozo onepamopa (B 6asuce
< e,...,e, >). Ee cronbuamu, kak 310 BuaHo u3 Gopmyist (3.1), aBisgorcs
0bpasbl 6A3UCHBIX BEKTOPOB B KOOpauHATHON dopme. OrMerum, 410 AeiicTBre

3.1. JIuHeiinblii omepaTop M €ro MaTpuiia
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orlepaTopa Ha BEKTOP HMKAK He CBI3aHO ¢ 0a3MCOM JIMHEHHOTO MPOCTPAHCTBA,
HallpAMeD, 3TO JefiCTBAe MOXKHO OIIMCATh CJIOBAMU: <3aMEHUTb BEKTOD X IIPO-
THBOIIOJIOKHBIM €My BEKTOpOM >. B TO ke Bpems Marpuiia JUHEHHOrO OrnepaTo-
pa TecHO cBs3aHa ¢ 6A3UCOM: B PA3IUYHBIX OA3UCAX OIUH U TOT K€ JIMHEHHbIN
OTIepaTop MOXKET TPEJACTABIAATHC PA3TUIHBIMU CBOUMHU MATPUTIAMMU.

Herpynno BuAeTH, 9TO TOXK/IECTBEHHOMY OTIEPATOPY COOTBETCTBYET €TMHU Y-
Had MaTPHUIA, & HYJIeBOMY — HyJleBad.

®opmyny (3.1) ¢ ucnosb30BaHUEM OIEPALUU YMHOXKEHUsS] MATPUIL MOXKHO
3anucarb B BUJE

(6] = AT[e]. (3.6)

Teopema 3.1. Mampuuya aunetinozo onepamopa 6 darnom basuce onpedesera
00HO3HAYHO.

Aoxasamenvcmeo. 1lycrb B ranHOM 6as3uce n-ro MPOCTPAHCTBA JIMHEHHBIH O1e-
parop A nmeer ase marpunpi: A u A. Torga s 106010 BEKTOPa X BBITOTHA-
erca A[x] = Alx], wm (A — A)[x] = [0]. Byzem noncraBasarh B 3TO pABEHCTBO
BeKTOPHI (1.8). DTU MOICTAHOBKY MOOUEPETHO MOKAYKYT, UTO CTOJIOIBI MATPUILHI
A — A cocroar u3 uyseit. CiienoBaresbHo, A — A=0 u, 3Ha4uT, A = A. O

Teopema 3.2. Kasicdas xeadpammas mampuya pa3mepa n MOHCEmM Paccmam-
PUBAMBCA KAK MAMPUUGE HEKOMOPO20 AUHETH020 ONEPAMOpa.

Zoxasameavcmeo. Ilycts 3amana Marpuna KBajparHas Marpuiia A pasmepa
n. Bribepem HEKOTOPOE N-MEepHOe  TPOCTPAHCTBO  C 6a3nucom
e= < ey,...,e, >. O603naunm uepe3 A JTUHEHHBII OMEPATOD CO CJEIYTO-
wuM geiicreuem: Ax = A[x]e. OueBuHO, Takoit oneparop OyJer JMHEHHbIM,
TaK KakK

A(ax + 0z) = A(a[x]e + B[z]e) = aA[X]e + SA[z]e = adx + [ Az
JUIs TIOOBIX JIBYX BEKTOPOB X W Z. O

IIpumep 3.1. B npocmparcmee R2 aunetinsiti onepamop A xasrcoud sexmop
x = (x1,z2) npeobpasyem caedyrougum o6pasom:

Ax = A(x1,29) = (21 — 22, 22).
Hatimu mampuyy 3mozo onepamopa 6 basucax

e=<e;, ey >, e = (1,0), €y = (0, 1) (37)

e=< 61,62 >, e = (0, 1)7 €y = (1,0) (38)

3.1. JIuHeiiHblii omepaTop M €ro MaTpuia
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Pewenue. Haitmem 06pa3pr 6a3MCHBIX BEKTOPOB B MEPBOM 0a3uce:

Ae; = .A(l,O) = (1 — 0,0) = (170) = ey,
Aes = A(0,1) = (0—1,1) = (~1,1) = —e; + es.

3HAYNT, MATPUILA OTIEPATOPA B TTEPBOM Oa3nce MMeeT BT

A—(AelAeg)—<(1) _})

AHaAJIOrHYHO HAXOIUM MaTPHILY OMEpaTopa BO BTOPOM Dasuce:
Ae; = A(0,1) = (—1,1) =& — &y, Aéz = A(1,0) = (1,0) = €q,

~ ~ o~ 1 0
A = (Ae; Aey) = .
-1 1
Bummo, 9To B pa3nuuHbix 6a3ucax MATPHUIIBI JIMHEHHOTO OTIEPATOPA PABIUIHBI.
B mepBom 6a3nce BEKTOP X MMeEET pa3jIOKeHnWe X = xi€e1 + Taes. Torma

e (3 1) (2)= (727 )

TO €CTb yMHOXKEHHME MaTPUIbl JUHEHHOI'0 ollepaTopa Ha BEKTOD IIPOU3BOIUT C
HUM TO K€ JIEHCTBHE, 9TO W CaM Omeparop. YOeanTech CaMOCTOATETHHO, ITO
BO BTOpOM 6a3mnce yMHOXKeHNe A[X]g BBINOJHSIET TO ¥Ke JIefCTBHe. O

IIpumep 3.2. IIycmv onepamop A 6vinoinsem noeopom obvuHOT NAOCKOCTIU
20y, paccmampusaemoti kax npocmpancmeo R?, na yzon p npomus wacoeoti
cmpearu. Taxum 06pazom, Kaxrcdvlli 6eKmMoOp 3Moz0 npocmparcmea bydem no-
eepHym Ha Yy2oa . Hatimu mampuyy 9mozo onepamopa 6 0pmoHOPMUpPOSaHHOM
6asuce e; = (1;0), ex = (0;1).

Zoxasameavcmeo. JlaHHbIN onepaTop JIMHEEH, TaK KaK BCE PABHO: MOBEPHYTH
JIM CHAYAJIA BEKTOPHI X U Y, & 3aTeM MOCTPOUTH JTHHEHHY IO KOMOMHAIINIO TIOBED-
HYTBIX BEKTOPOB, MJIM CHAYAJIa IOCTPOUTH JTMHEHHY 0 KOMOMHAITMIO BEKTOPOB X
u 'y, a3aremM 1oBepHyTh ee Ha yroa ¢ (cm puc. 3.1). Haiizem o6pasnr BekTOpoB
basuca. DT 06pa3bl ABJIAIOTCI €IUHUYHBIMU BEKTOPAMHU €1, €2, Oy YeHHBIMU
HOBOPOTOM Ha, yroJl (0 NPOTHB YaCOBON CTPEJKU BEKTOPOB € U € (CM. DHUC.
3.2). U3 pucyHka BUIHO, YTO €1, €3 UMEIOT CJIEAYIONIME KOOPIUHATHI B 33/[aH-
Hom Oaswuce:

€1 = Ae; = (cos,sinp), €2 = Aey = (—sinp, cos ), (3.9

3.1. JIuHeiiHblii omepaTop M €ro MaTpuia
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A(aa + Bb) = ada + SAb

) ,,.A.___}A(gb)

Ab
A(aa)

Puc. 3.1: IloBopot Ha yroua ¢

CJIe0BaTeIbHO, MATPHUIlA oneparopa A nMeer Busn

A= [ Cos¢ - sin ¢
sin @ cosp |’
C noMoIIbi0 3TON MATPHILL IIOBOPOT J1I000r0 BekTopa X = (x,y) (a, 3nauut, u
PaJuyC-BEKTODA, a, 3HAYUT, U JIIO0OH TOUYKHU) HA YIOJl 0 MOXKHO BbIIOJIHUTD 110

dbopmyne (3.5):

o= (3 ) == (e ) ()

T Ccosp +ysinp
—xsinp+ycosp |’

WM B KOOPAMHATHON (popme:

T =1xcosp+ ysinp,

y = —xsiny + ycos p.

3.1. JIuHeiiHblii omepaTop M €ro MaTpuia
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Y
1]e2
() //’ \\\
_—_ . = = = ~
e N
s | ~
7/ | AN
/ | AN
/ ~
7 | cos @ \ €1
/ I N e

/ | n
/ sin N
/ ' v P
/ : P
! O \

I
I
.’ \ v L e
. I
3 [
—sing cos ¢

Puc. 3.2: Ilosopor 6a3uca

IIpumep 3.3. Onepamop A, deticmeys na sexkmop X 06biunol dexapmosot
naockocmu, paccmampusaemoti kax npocmpancmeo R?, sepranvno ompascaem
€20 OMHOCUMENbHO NPAMOT | ¢ Hanpasasmowum sexmopom s = (s1,$2), |s| = 1.
IIposepums aunetinocms 3mo20 onepamopa u Hatimu e20 mampuyy 6 basuce

e; = (1;0), ex = (0;1).

Pewernue. Ha puc. 3.3 BuaHO, 94T0 CyMMa BEKTOPA X U €ro 00pas3a y npu TakoM
JEeHCTBUN OrepaTopa JIEXKHUT Ha MPAMOil [, OTHOCHTEIHLHO KOTOPOM MTPONCXOIUT
3epKaJIbHOE OTPAXKEHNUE, U [IJINHA, CYMMBI B JIBa, pa3a DOJIbIIE MPOEKINH BEKTOPA,
X Ha 3Ty upsamyto. Anrebpandecku 3T0T (HPAKT MOXKHO 3aIMUCATH TAK: X +y =
= 2(x - s)s. Orcroma MOxKHO HaiiTH 00pa3 y = Ax = 2(x - s)s — x. Oneparop A

JIMHEEH, TaK KaK

Alax + fz) = 2[(ax + Bz) - s]s —ax — fz =

2(ax-s+ Pz -s)s—ax — Pz =
=a2(x-8)s — x| + B[2(z - s)s — z] = aAx + Az

B koopmmaatHOit dopme meiicTBHE OmepaTropa 3amnuChIBAETCS CJIELYOIIIM

3.1. JIuHeiinblii omepaTop M €ro MaTpuia
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Puc. 3.3: 3epkanbHOe OTparkeHne

obpazom (x = (x,y),y = (Z,7)):

=(2,9) = Ax = A(z,y) =
=2[(x,y) - (51,52)](51,52) — (x,y) = (251 + 2ys2)(51,52) — (2,9) =
= (2wsT + 2ys150 — x, 28152 + 2ys3 — y).
(3.10)

[Ipumensis 3Ty GOpMyIy K BEKTOPAM €] U €3, HOIydaeM
Ae; = A(1,0) = (257 —1,2s182), Aes = A(0,1) = (25152,255 — 1).  (3.11)

3HaYUT, MATPULA JAHHOIO JIMHEHHOro olneparopa MMeeT B
A — 25% -1 281 S92
25159 25% -1 /-
L]

IIpumep 3.4. Onepamop A nasveaemcs 20momemuets ¢ Kosg@duyuermom
A, ecau Odas a06020 sexmopa X aunelinozo npocmpancmes Ax = Ax, (A #
0). Tomomemus naswvieaemcs maksice pacmasicenuem (A > 1) uau corcamuem
(0 < A < 1). IIposepumd aunetiHocmd 9M0O20 ONEPAMOPE 8 T-MEPHOM NPO-
cmpancmee u Hatmu e2o mampuyy 6 basuce (1.8).

3.1. JIuHeiiHblii omepaTop M €ro MaTpuia
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Pewenue. JImaeitHOCTHL onepaTopa TOMOTETHH CJIEIYET U3 BBITTOJTHEHUS CBOH-
CTBA

Alax + fy) = Max + fy) = a(Ax) + B(Ay) = aAx + SAy.
O6pa3bl 6a3UCHBIX BEKTOPOB UMEIOT BUJ

.Ael = \e; :(/\,0,...,0), ./482:)\822(0,)\,...,0), Ly
Ae, = de, = (0,0,..., ),

MO9TOMY MAaTPHIIA TAKOTO OMEPATOpa B TpeOyeMoM Da3uce MOIydaeTCs TUAro-
HaJIbHOI:

A0 0
A— 0 A 0
0 0 A

3.2 eiicTBuga c omepaTopamu

Oxka3sbiBaeTcsi, HEe TOJILKO JIMHEWHbIE ONEePATOPHI BBIMOJHSIIOT JIeHCTBUS, HO W
HAJT HUMH TOXKE€ MOXKHO BBITOJTHATH JT€HACTBUS.

IIycrb oneparopsl A u B npeiicrByror B smHeliHoM npocrpancrse L. Torna
UX CYMMOU HA3LIBAIOT OlIepaTop, obo3HadaeMblii A+ B u paBHblil cyMMe jieii-
cTBuit oneparopos A u B:

(A+B)x = Ax + Bx.

ITpouseedernuem oneparopa A Ha 4UCIO A, Ha3bIBAETCS omeparop AA,
YMHOXKAIOMXH 00pa3 BEKTOPA X HA YUCIO A:

(AA)x = A\(Ax).

Herpynmo ybemurhesa B muHerHOCTH 000MX OImepaTopoB. MHOXKECTBO JTNHEH-
HBIX OHEPATOPOB C BBEJIEHHBIMU ONEPAMAMU CJIOKEHHUs OMEPATOPOB M YMHO-
JKEHUS OTIePaToOpa Ha, YUCJIO CAMO SIBJISIETCS JTUHEHHBIM TTPOCTPAHCTBOM. Jleii-
CTBUTEJILHO, HYJIEBOH onepaTop (O, KOTOPHIH MOYKET CIUTATHCS HYJIEBHIM BEKTO-
POM B IMPOCTPAHCTBE JIMHEHHBIX OMEPATOPOB, Y3Ke ObLI BBEIEH B MPEIbIIYIIEM
. OmeparopoM, TPOTHBOMOIOKHBIM onepaTopy A, OygeM cautarh onepaTop
—A = (—1)A. Torza akcMOMBbI JIMHEAHOIO [IPOCTPAHCTBA, BBEIEHHBIE B Pa3/e-
ge 1.1, OyayT B TEpMUHAX OLEPATOPOB BBINJISIETH TAK:

3.2. [leiicTBHUA Cc omepaTopamMu
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1. A+B=B+ A

2. (A+B)+C=A+ (B+0).
IOWV(A) A+ 0= A
V(A)I(—A) A+ (—A)
1-A=A.

A(pA) = (An)A.
AA+ B) = A + \B.
A+ p)A = A+ pA.

- W

0.

ot

o N

CamocTrodaTebHO MPOBEPbTE, 9TO BCE OHU BBINOJHSAIOTCsA. Ecau npocrpas-
cTBO L M-MEpPHO, TO HPOCTPAHCTBO JIMHEHHDBIX OEPATOPOB UMEET PA3ZMEPHOCTH
n.

Eciu Ax = o TOJBKO I BEKTOpa X = O, TO omeparop A Ha3bIBAETCS
HEBBLPONHCOEHHBLM; B IPOTUBHOM CITydae OH HAZBIBACTCS GbLPOHCOECHHBIM.
Omnpenenuress MaTpuibl A HEBBIPOXKIEHHOIO OIEPATOPA OTIMYEH OT HYJIs),
uHave cucrema ypasHeHui# A[X] = 0 OyseT UMETh ¥ HEHYJIEBBIE DEIICHMUs.

B crenytomeit Tabuie, KpoMe pacCMOTPEHHBIX, MOKA3AHBI U JIPYTHE YaCTO
HCTOJIb3YEMbIe ONepaTOphbl U JelcTBus Haj, HuMH. JIJIs n-MepHOro mpocTpaH-
CTBa MPUBEEHBI U MATPUIIBI OMEPATOPOB, MpUYeM, oneparopbl A u I3 umeror,
coorBercTBenHo, marpunsl A u B. Tlociennme Tpu omeparopa meificTByiOT B
€BKJIUJIOBOM I[IPOCTPAHCTBE, a CBEJEHUs 00 UX MATPHUIAX CIPABEJIUBBI TOJIBKO
JIJIST OPTOHOPMUPOBAHHBIX OA3UCOB.

OrmMeruMm, 9TO [IJIs KasKI0rO OTMepaTopa CyIIeCTBYeT eIUHCTBEHHBIH COmpsi-
JKEHHBIN eMy OIepaTop, a [Jis KarKJI0rO HEBBIPOXKIEHHOIO OMEpaTropa CyIe-
cTByer obpaTHbIil eMy omepartop. Hampumep, opTOroHATIBHBIN ONepaTop sBJIs-
€TCsl HEBBIPOXKICHHBIM.

IIpumep 3.5. ITycmo naockocms Oy CHAYAAG NOBOPAYUBAEMCA HA Y204 O
(onepamop A), a 3amem nad nel npouseodumcs 20momemus ¢ KoaPPuyuen-
mom A (onepamop B). Hatimu aunetinoii onepamop, 6binosnaouuti nepesuc-
AeHHblEe JeTUCTNBUA 6 YKA3AHHOM NopAadKe.

Pewenue. Oneparop, peaan3yonuii 33JaHHyI0 IOCIeJ0BATEIbHOCTD JeHCTBHI,
sBnsercd npoussenenueM omeparopos A u B: (B o A)x = B(Ax) (cM. Tabi.).

3.2. [leiicTBHUA Cc omepaTopamMu
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HaszBanue O6Go3Ha- Omnpegensroiiee Marpuna
omeparopa qJeHue CBOMCTBO
Toxk mecTBeHHBII & Ex=x E
OTIEPaTOp
Hynesoit oneparop O Ox=o0 (0]
CyMMa omepaTopoB A+ B (A+ B)x = Ax + Bx A+B
IIpoussenenne AA (AM)x = A(Ax) AA
orlepaTopa Ha YHC/I0
IIpoussenenue BoA (Bo A)x = B(Ax) BA
01IepaTOPOB
OGpaTHEIH OTIePaTOP At AloA=Ac A =€ A!
Omneparop,
COTPSKEHHBIA A* Ax -y =x- A"y AT
oreparopy A
CamMoconpsizKeHHbIi A A=A" A =AT
OTIEpaTop
OpTOoTrOHATLHBII A Al =A% A"t =AT
orIepaTop

Baxkmo 10, 9yT0O mosydennsie B mpuMepax 3.2 u 3.4 MaTPHUIIBI OIIEPATOPOB O3~
BoJisiioT HaliTu u marpuny C nckoMoro omeparopa:

C=BA = A0 cosp  —sing ) )\C.OSQO —Asin _
0 A sing  cosy Asingp  Acosy
= )A.

Ucnonp3yst 3Ty MaTpuiry, MOKHO HAXOAUTH PE3yJIbTAT MPeodPa3oBaHus Cpazy,
a He I004YepPeJIHO IPUMEeHHAs IIOBOPOT U 'OMOTETHIO. O

ITockoabKy OPTOrOHAJBHBII ONEPATOP SABJIAETCH OJHUM U3 CAMBIX BaXKHBIX
OlIepaTOPOB, JAEHCTBYIONIUX B €BKJIMJ0BOM IIPOCTPAHCTBE, PACCMOTPUM HEKOTO-
pBIe ero CBOiCTBA.

Jlemma 3.1. Ecau 6 e6KAUIOBOM NPOCMPAHCMEE 0AA BCET BEKMOPOE X BVITON-
HAEMCA XY =X -Z, MOy = Z.

3.2. [leiicTBHUA Cc omepaTopamMu
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Joxasamenavcmeo. Ecim x -y =x -z, 10 x- (y —2) = 0. BosbMem x =y — 2,
rorpa (y — z)-(y — z) = 0. Ilo nepBoii akcMoMe e€BKJIMJ0BA IIPOCTPAHCTBA, ITO
BO3MOXKHO TOJIBKO B CJIy4ae, €CIM y — Z = 0, TO €CTh, KOrJa y = Z. O

Teopema 3.3. Onepamop A corpaniem cKAAAPHOE NPOU3GELICHUE GEKMOPOS:
Ax - Ay = x -y moezda u moavko mozda, K020a 0H 0PMO2OHANEH.

Joxasameavcmeo. Ilyctb omeparop A coxpamser CKaJIspHOe TPON3BEIEHUE BEK-
topos. Torma

xy=Ax- Ay =x- (A" o A)y.

13 memMbl cpasy momydaeM, uto A* o A = £. Bmaunt, A* = A~ u mostomy
omeparop A opToroHasiex.

ITycrs Teneps oneparop A oproronasnen. Vcnonb3ys onpeeierus Conpsi-
JKEHHOT'O U OPTOrOHAJBHOIO OMEPATOPOB, MOJIyYaeM

Ax Ay =x - (Ao Ay=x- (Al oAy=x-Ey=x"y.
O

Caencrsue 3.1. Opmozonasvhvlli onepamop COLPAHAEM OAUHDL 6EKMOPOS,
6 e6KAUN0BOM APHUHHOM TPOCTIPAHCINEE — DACCTNOAHUE MEAHCOY MOYKAMU.

CaencrBue 3.2. B eskaudosom aPdurnom npocmpancmee opmozonasoHsil
ONEPAMOP COTPAHAEM, Y2Abl MEHCOY NPAMBLMU U 2UNEPNAOCKOCTAMU, 0, 3HA-
YUM, UT NAPALALEALBHOCTND U NEPNEHIUKYAADPHOCTD.

CaencrBue 3.3. Opmozonaavhulill onepamop nepesodum 0pmoHOPMUPOSaH-
oLl 6a3UC 8 OPMOHOPMUPOBAHHBLT.

Zoxazameavcmeo. Ilycts < eq,...,e, > — OPTOHOPMHUDPOBAHHBIN Oa3WUC, &
< €eq,...,€, > — HabOp BEKTOPOB, B KOTOPbIHA 3TOT 0A3UC IIEPEBOIUTCS OPTO-
TOHAJILHBIM OTMEePATOPOM. V3 MpeabIyIuX CAeJICTBIH MOy YaeM, 9TO BEKTOPbI
€1,...,€, OPTOrOHAJIbHBI I UMEIOT eIUHUYHYIO JJIUHY, & TOrJa U3 TeopeM 2.5
u 1.8 BbITEKAET, 9TO < €1, ..., €, > — OPTOHOPMHPOBAHHBIH Ha3ucC. O

Marpuiia OpTOroHAJILHOTO OMEepaTopa, Kak 3TO YKA3aHO B TabJIUIE Oormepa-
TOpoB, obmamaer ceoifctBoMm A~! = AT Takas Marpuia Ha3bIBAETICI OPMO-
20HAABHO.

Teopema 3.4. Ecau onepamop A nepesodum xoms 00un opmoHopMuposaHHvLil
basuc < e1,...,€e, > 8 OPMOHOPMUPOBAHHBLT basduc < €1, .. .,€, >, Mo marol
onepamop opmo20HaNEH.

3.2. [leiicTBHUA Cc omepaTopamMu
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Zloxasameavcmeo. O60O3HAUNM

5o — 1, i=y;
9TV 0, i
B cuty opToHOPMUPOBAHHOCTU OA3UCOB €; - €; = J;5, €; - €; = 0;;. IlosTomy
Ei ~§j = Aei -Aej =e€; - (A* OA)ej = (5@'.

W3 s10ro pasencrsa BblYTe€M PABEHCIBO €; - € = 03 U LOJLy1UM

€ - (A"oA)ej—e;-e;=0;i=1,n
e (A" oAej —e;) =0; i =1,m;
e (A 0cA-Eej=0;i=1,n. (3.12)

Ecau xots 681 qnst omsoro j Bemosnasiercs (A* o A — £)e; # o, To u3 (3.12)
caexnyet, 410 BekTOp (A* 0 A—E&)e; OPTOroHATEH N BEKTOPAM €1,...,€,. Torna B
CHJLY TEOPEMBI 2.5 HOJIy4aeM, 4TO B 7-MEPHOM [IPOCTPAHCTBE CyLIECTBYEeT 0a3uc
u3 (n+1)-ro BeKTOpA: €1,...,&;, (A" 0 A—E)e;. TlockombKy TaKoe HEBO3MOYKHO,
T0 Bee BekTOpbl (A* o A — E)e;, j = 1,n, mynesole. Ho Torna m omeparop
A* o A — £ toxe Hynepoii. [delicTBUTENBHO, I JODOr0 BEKTOpPa X = T1€1 +
+ ...+ xpe, OyIeT BBIMOTHATHCI

(A 0 A—E)x = (A" 0 A—E) (w101 + ...+ Tney) =

=x1(A*0cA—-Ee1+... +x, (A" 0 A—E)e, =o0.

Ho, ecit A*o A —E =0, 10 A0 A =E u At = A%, 4ro u Tpebosanocn
JIOKA3aTh. 0

Teopema 3.5. Onpedesument Mampuyb, 0OPMO2OHAALHOZ0 ONEPAMOPAL PAEEH
+1.

Zloxasameavcmeo. Ilycrs A — maTpuma opTOroHaAIHLHOTO omeparopa. Toraa,
KaK ykas3aHo B Tabmune omeparopos, A~! = AT, Ecan yMHOXKHTH 06€ gacTu
sroro pasencrsa ua A ciesa, nonyunm AAT = E. Vauresas, uro |A| = |AT],
|E| = 1, npuxoanm k ypasuenwuio |A|? = 1. 1o u o3Hauaer, uto |A| = +1. [

IIpumep 3.6. B npumepe 3.2 061410 NOKA3GHO, 4INO TOBOPOT NAOCKOCTIU HA
Y20 P ABAAEMCA NUHETUHBLM ONEPAMOPOM U NPEOOPA3YEm OPMOHOPMUPOSAH-
noili 6asuc e; = (1;0), e = (0;1) 6 opmonopmuposarmsiii basuc (3.9). Iloamo-
MY NOBOPOM ABAALNCA 0PMO20HANLHBLM ONEPAMOPOM.

3.2. [leiicTBHUA Cc omepaTopamMu
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IIpumep 3.7. B npumepe 3.3 aunetinvili onepamop 0ce60l CUMMEMPUY HA
NAOCKOCTU NEPE6odus opmonopmuposannull 6asuc € = (1;0), e = (0;1) 6
opmonopmuposanmsli 6asuc (3.11). Opmonopmuposarnnocms nocaednezo cae-
dyem u3 moz0, wmo

Aei - Aey = (257 — 1,25155) - (25159,252 — 1) =
= 4535y — 25189 + 45155 — 25150 = 48159(s7 + 553 — 1) =0,
|Aey| = (257 — 1)% + (25150)% = 4s] — 457 + 1 4 45252 =
=4s2(si4s5 1) +1=1,
|Aes| = (25152)% 4 (252 —1)? = 45752 + 455 —4s2 +1 =
=4s3(sT+s5—1)+1=1,

nomomy “mo Oaa edunuunozo eexmopa (s1,82) 6wnoOAMAEmCA ST + S5 =
= 1. CaedosamesvHo, onepamop CuMMEMPUU TMOHCE OPMOZOHANEH.

IIpumep 3.8. B npumepe 3.4 onepamop A ne opmozonanen, nomomy wmo ox
nepecodum opmonopmuposarnsil bazuc (1.8) moavko 6 opmozonanrvnviti basuc,
HO HE 6 OPTMOHOPMUPOSAHHHIT (OAUNHBL HOGBT OA3UCHHLT 6EKMOPO6 6 00uLem
cayuae pasho, ||, a ne 1).

Cremyromiast Teopema MOKa3bIBAET, UTO JII000i OPTOrOHAILHBIN OTlepaTop Ha
IJTOCKOCTM CBOJUTCS K YK€ PACCMOTPEHHBIM ONEPaTOpaM MOBOPOTA M OCEBOM
CUMMETDUH.

Teopema 3.6. Opmo20HaAbHBIT ONEPATNOP HA MAOCKOCTIU — IMO AUOO TOE0-
PO B0KPY2 HA%AAG KOOPOUHAM HA HEKOMOPHLT Y204, AUOO 3EPKANLHOE OTPA-
IHCEHUE OMHOCUMENDBHO HEKOMOPOT NPAMOT.

3.3 Ilepexon x HOBOMY Oa3ucy

ITycTh B n-MEpHOM TIPOCTPAHCTEE HEBBIPOXKICHHBIN JIMHEHHBIH omepaTop S 1me-
pesoauT basuc € =< eq,...,€e, > B ba3uc € =< ey,...,e, >. llepsoiii Oa3uc
YCIOBHO Oy/IEM HA3BIBATH CTAPBIM, & BTOPOH — HOBBIM. [IyCTh BEKTOp X B CTa-
poM Gasmce MMeeT IPEICTABICHHE X = T1€] + ... + T,€, = [x]eT[e]. Kakue
KOMIIOHEHTBI T1,...,Z, ITOT BEKTOp Oyier uMerb B HOBOM Oaszuce? Ob6o3na-
qum depe3 S, |S| # 0, marpuiy omeparopa S B crapoM 0a3uce M TPUMEHNUM
bopmyny (3.6): [€] = ST[e]. Tlomyanm

x = [x]g[e] = [x]gS [e] = (S[x]e)" e, (3.13)

e

3.3. Ilepexon kK HOBoMy Gasmcy
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rae [x|2 = (Z1,...,7,) — npeacraenenne BekTopa X B HoBOM Gasuce. CpasHu-

T
Bas dopmymy (3.13) ¢ pasioxkennem X = [X|, [€] u, yunThIBasg OJHO3HAYHOCTD
pasJIozKeHus: BEKTOpa 10 6a3ucy, IPUXOAUM K BBIBOJY, 4TO

], = Sls. (3.14)

Ora hopMyna HAZBIBAETCSA NEPerodom 0m HOBBLT KOMNOHEHM 8eKMOopa K
cmapuvim. OO6pATHBIN TIEPEXO/T TOJTY 9UM, €CTTH YMHOXKHUM 00€ YaCTH MOCJIETHErO
PaBEHCTBA Ha MATpuIy S ', obparHyio Marpuue S:

[x]s =S [x],. (3.15)

ITpumep 3.9. Jlas npumepa 3.1, natimu Komnoxenms, 6exmopa X 6 basuce
(3.8), ecau 6 basuce (3.7) on umeem npedcmasaenue X = (L1, 22).

Pewenue. Cuavana maiiieM MaTpHITy OmepaTopa, mepesoasmero 6asuc (3.7) B
6azuc (3.8). OueBuaHO, CTOIONAMY TAKOH MATPHIILL SIBJISIOTCA BEKTOPBI Oa3uca

(3.8):
s- (1),

Herpynsao Bumernb, aTo Marpwuieii, obparHoit K MaTpuie S, Oyaer oHa cama u
nosromy 1o ¢opmydie (3.15), HaXOAUM KOOPAMHATBL BEKTOPA X B HOBOM Hazuce:

we= (2)=(0 ) (2)-(2)

Takum 00pa30oM, Hepexos K HOBOMY 0a3ucCy O3HA4YaeT MPOCTO IIEPECTAHOBKY
KOMITOHEHT BEKTOPA. O

Teneps TONOJTHATENHHO TPEIIOIOKAM, YTO B 1I-MEPHOM ITPOCTPAHCTBE, KPO-
Me omeparopa S, zAeiicrByer oneparop A, umeromuii marpuity A B Gasuce
e. 3yunM, Kak M3MEHHWTCA 3Ta MaTPHI IOPH Iepexome K Gasmcy e. Ilycrnb
y — obpa3 Bekropa X s ouneparopa A: y = Ax. B cuuy dopmysst (3.14)
xle = SXJs, [yle = Sly]s n nostoy

Slyls = [yle = Alx]e = AS[x]s.

VmHokast 06e 9acTH 3TOTO paBeHCTBa cjeBa Ha S~ !, maxoamm, 4to [yls =
= S~ !AS[x]s. CnenosarennbHo,

A =S"'AS (3.16)

ecrb Marpuua oueparopa A B noom Oasuce (cMm. reopemy 3.1).

3.3. Ilepexon kK HOBoMy Gasmcy
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IIpumep 3.10. /Jlasa npumepa 3.1 natimu mampuyy onepamopa A 6 basuce
(3.9).

Pewenue. B npenplayiiem npuMepe MaTpuIa S mepexo/ia oT CTaporo K HOBOMY
6a3ncy ObLIa HaliIeHa U OKA3aJI0Ch PABHOM cBoeit obpaTHoit maTpurie. ITosTomy

resman (20)(1 1)1 1)
(1) (Te)-(a 1)

VMHOKHM 9Ty MaTpPHIY Ha BEKTOp X = (21,72) = [X]L = (z2,21)T

A[X]é(_} ?)(i?)(xlgﬁ$2>

= 1’261 + (fEl — xg)gg = (:cl — LEQ,I’Q).

—_ =

3.4 Jlumeiinsie mommpoctrpancTBa nu CJIAY

Henycroe muoxkectBo L' BEKTOPOB JIMHEHHOrO MPOCTPAHCTBA L HA3BIBACTCA
AUHETHBIM TLOONPOCTNPAHCINEOM,, €CJIH JI00as JTuHeiiHasd KOMOMHALMA BEK-
ropoB u3 L' npunagyexur L. HerpyaHo 3aMeTuThb, 9TO HyJI€BOH BEKTOP Kak
npoussenenue 0x MpuHALICKUT L) 1 BEKTOD, MPOTHUBOIOJOKHBIN BEKTOPY X,
kak npoussenenue (—1)x roxe npunamgaexkur L. [TosToMy BCe aKCMOMBI JIU-
HEeHHOro npocTpaHcTBa s L' BBINOJHAIOTCA W, 3HAYUT, JUHEHHOE MOZIPO-
CTPAHCTBO CAMO SIBJISIETCsl JIMHEAHBIM ITPOCTPAHCTBOM.

fcHo, 9TO pazMepHOCTH MOAIIPOCTPAHCTBA HE MPEBOCXOJIUT PA3MEPHOCTH
CaMOro TIPOCTPAHCTBA, TaK KAaK BEKTOPHI, JUHEHHO He3aBUCHMbIE B TTOIIMTPO-
CTPAHCTBE, OCTAHYTCS TAKOBBIMH M BO BCEM TIPOCTPAHCTBE.

IIpumep 3.11. B 06viuHOM NPOCMPAHCNEE 6CE NPAMDBLE U TLAOCKOCTIU, TIPOTO-
0AWUE HEPE3 HAMANAO KOOPIUHAIN, ABAAOMCA NUHETHBIMU NOONPOCTPAHCMEA-
Mu. B npocmpancmee mMHO20UAEHOE8 CMENEHU HE GBLWE N AUHETHDLE NOONPOo-
cmpancmea 06pa3yom mHozouAeHb cmeneny He evwe k (k< n).

Paccmorpum teneph perieHust CUCTeM JIMHEHHBIX aareOpandecKux ypaBHe-
uuii (CJIAY) ¢ Touku 3penus reopun Juneiinbix upocrpancrs. [lycrs umeercs

3.4. Jluneiinbie moamnpoctpanctBa u CJIAY
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onunoponuas CJIAY Buna

......................... (3.17)
Am1T1 + .+ AmnTn = Oa
KOTOPYIO MOKHO 3allMCaTh KPATKO B MAarpPUYHON (popme Kak
Ax = o, (3.18)
rie
a a1n 1 0
A=\ ............... , X = , 0=
Ami -+ Gmn Ty 0

Teopema 3.7. Ecau X1 u Xo — pewenus odnopoonots CJAAY (3.17), mo ux
AUHETHAA KOMOUHAUUA (X1 + BXo mooice bydem pewenuem smot CJIAY.

Hoxaszameavcmeo. s JoKazaTesbCTBa JOCTATOYHO MOJCTaBUTh YKa3aHHYIO
JMHERHYI0 KOMOMHAIMIO B JIEBYIO YacTh ypaBHeHus (3.18):

A(ax; + fx2) = aAx; + fAxs = a0 + fo = o.
O

Takum obpasom, pemiennsi oaHopoaHoN CJIAY oOpasyior JmHeiHoe mpo-
CTPAHCTBO (BBINOJHEHNE AKCHOM JIMHEHHOrO IPOCTPAHCTBA, CJIEJyeT U3 MX Bbl-
IIOJTHEHUA JIJId N-OK YHCeJT U TOr'0, 9TO O U —X ABJIAI0TCA PeeHuAMU OJHOPOI-
Hoit CJIAY, ecin X SIBJISIETCST TAKNM DEIEHNEM ).

OrnpenesnmM pa3mMepHOCTh ITOTO TPOCTPAHCTBA.

Teopema 3.8. Ecau pane mampuyb, cucmemst pager r, mo CUCMema umeem
n — T AUHETUHO-HE3ABUCUMBIT PeULeHUl.

Zloxasameavcmeo. Kak m3BecTHO, ¢ TMOMOIIBIO 3JEeMEHTAPHBIX IIPEoOPa3OBa-
Huii Marpuily cucrembl (3.17) MOXKHO IpUBECTH K CTylleHY4aroMy Buiy (c11 #

#0,...,¢0r 7 0):

€11 C12 Clr  Clr+41 Cin
0 oo Cor  Cory1 Con

)
0 0 0 Crr Crr41 Crn,

3.4. Jluneiinbie moamnpoctpanctBa u CJIAY
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koropomy cooreercrByer CJIAY, skBuBasenTHas cucreme (3.17):

/ / / / /
112y + ¢y + ..t e+ Clpp1Tyy .t CLpT, = 0,
/ ! ! !l
C22%y + ...+ CorXy  + Copp1iyq + ...+ C2nx;, =0,

(3.19)
/ ! !
CrrTy  + Crpp1Tpyg + ..+ Gy, = 0.
HewussecTnbie . , 1, ... , ], Ha3bIBAIOT C60600HBLMU HEU3BECTNIHHLMU, 3 HEU3-
BECTHBIE T, ... T, — 6as3ucHwuimu. 3anumeM n — r perrernii cucremst (3.19),
BBIOpaB CBOOOJHbIE HEH3BECTHBIE TAaK, 4TOOBI ;.,; = 1 B pemeHunm X;, a B
OCTANIBHBIX permenusx, 4robsl ;. ; = 0. Basucuple memssecruble Haiizem 1o
cBOGOIHBIM, IPUMEHUB 00paTHBIA X071 Merona Laycca k cucreme (3.19):
T11 T21 Tn—rl
T1r Tor Tp—rr
e = 1 , €3 = 0 R 0 . (3.20)
0 1 0
0 0 1

OTH peleHns JINHEHHO He3aBUCUMBI, MO0, ecian Aije; + ... + A\p,_,€,_,. = O,
TO, UCIOJb3YS MOCIEIHNE 1 — I KOMIIOHEHT BEKTOPOB, MOJYYUM A] = - =

= A\, = 0. O

Jliobast cucrema u3 n — r JIUHEHHO-HE3ABUCUMbBIX PeIleHuil OJHOPOIHOI cu-
crembl (3.17) HaswiBaercs ee PhyrdameHmanbHolt cucmemoti peuteHudi.

Teopema 3.9. Vnopsadouennas cucmema pewenut (3.20) oonopodnoti CJIAY
¢ MAMPUYET CUCTNEMbL PAH2G T ABARKEMCA BA3UCOM NUHETHOZ20 NPOCTNPAHCMEE
pewenuti amoti CJIAY.

okasamesvcmeo. Jlnneitnas nezaucuMocts pertenuit (3.20) Oblia HoKa3aHa
B IIpeJblylleil TeopemMe.
IIycTs
T

Ly
X = Lr41

Tr42

Tn

3.4. Jluneiinbie moamnpoctpanctBa u CJIAY
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— Tpou3BOJIbHOE perenue cucrembl (3.17). PaccMorpum BeKTOp-CTOJIGEI]

T
Ty
Y=X—Try1€1 — ... —TpCp_y = Tri1 -
Tr42
Tn
Tr4+1211 Tr42%21 LTnTn—r1 Y1
Tr41T1r Tr42T2p TnTon—rr Yr
- Tri1 - 0 — = 0 = 0
0 Tryo 0 0
0 0 Tn 0
(3.21)
Tak Kak y sBAsieTCsl JTUHEHHONW KOMOHMHAIUEHl BEKTOPOB X, €1, ...,€n_r, TO Y
6yaer pewenuem cucrembt (3.17), a, 3uauur, u cucremsl (3.19). Ioxcrasiss
B TIOCJIEJIHIOID CHCTEMY KOMIOHEHTBI 3TOTO DENIeHWst Tj = Y1, ..., Th = Yy,
x., 1 =0, .., 2z, =0, IOJTy4uM OJHOPOJHYIO CHCTEMY ypaBHeHHil
cuyr +c2y2 + ...+ ey =0,
C2Y2 + ...+ Copyr =0,
crryr = 0,
KOTOpasi IMEET €IMHCTBEHHOE pemenue y; = ... = 4, = 0. [Tosromy y = o m

u3 paseHcrsa (3.21) Haxomum, 4T0
X =2Zpp1€1 + ... +Tp€p_p.

[Tocmeaee PABEHCTBO O3HAYALT, ITO MPOM3BOJIBHO B3ATOE DEIIEHWE OIHODOJI-
uoit CJIAY saBnsercs nunelinoit kombunarueii ee pemenuit (3.20). Crenosa-
TEJILHO, 3TU PelIeHUs 06pa3ytoT 6a3uc TMHEIHOro NPOCTPAHCTBA, PeleHui o/1-

nopoxuoii CJTAY. O

Ciaencreue 3.4. Pasmeprocms npocmpancmea pewenutli 00HOPoOHOT
CJIAY pasna n — r, ecau paHz Mampuys, CUCeEMd, PAGEH T .

3.4. Jluneiinbie moamnpoctpancTBa u CJIAY
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Caencreue 3.5. Jlwbas ynopadouennan @GyHIGMEHMANLHAA CUCTIEMA
pewenuti 00nopodrnoti CJIAY asasemca 6a3ucom AUHeTHOZ0 NPOCTNIPAHCINGG €€
pewenudi (em. meopemy 1.9).

CaencrBue 3.6. IIpocmpancmeo pewenuti odnopodnoti CJIAY seasemcs
(n — r)-MepHoLM NOINPOCMPAHCMEOM AUHETHOZ0 NPOCTNPAHCMEE N-0K YUCEA.

IycTb X1, ....Xp—r — DYHIAMEHTATBHAS CUCTEMA, PEITEHU OTHOPOIHON CH-
crembl (3.17). 13 BBIMIEN3I0KEHHOTO CJIE/IYET, YTO BEKTOP-CTOIOEI]

X = C’1X1 + ...+ Cn—rxn—r (322)

OyZeT pereHneM ITON CUCTEMBI IPY JIIOOBIX 3HAYEeHUAX MOCTOSHHBIX C1, ...,Ch_,
U, C IPYroit CTOPOHBI, JTIOO0E PEIeHNe CUCTEMBI MOXKHO MOy IUTh U3 (HOPMYIIbI
(3.22) mpu HEKOTOPBIX 3HAYEHUAX ITUX MOCTOAHHBIX. Pernenne (3.22) naspia-
ercss obwum pewernuem onuopognoit CJIAY.

Paccmorpum reneps neomgropomuyio CJIAY

a11r1 + ...+ a1z, = by,
........................... (3.23)

TI€ HEe BCe bi PaBHBI HYJIIO. STy CUCTEMY MOXKHO 3anvcaTh B MaTPUYIHOM BUJIIE
Ax=b, (3.24)

b" = (b1,...,by). Onmoponnas CJIAY (3.17) naspisaerca coomeemcmeyio-
weti HeomuoponHoit CJIAY (3.23).

Teopema 3.10. ITycmo X — Kakoe-nubydv (wacmmuoe) pewenue 1eodnopodHot
CJIAY (3.23), a X — obwee pewenue coomeememsyrowet 00nopoduoti CJIAY.
Tozda sexmop-cmonbey,

X=%X4+% (3.25)

6ydemn pewenuem neodnopodnoti CJIAY (3.23) u, naobopom, awboe pewenue
amoti CJIAY 6ydem umems 6ud (3.25).

Hoxazameavcmso. Tlokaxkem, uyro BekTop crosber (3.25) sBJisieTcs pelieHuem
HEOHOPOAHON cucreMbt. s 9TOro MOACTABUM €0 B JIEBYIO YaCTh yPABHEHUS
(3.24):

Ax=AX+X)=AX+ Ax=o0+ b =b,

Tak Kak AX= 0, a AX= b, noromy 9T0 X 1 X, COOTBETCTBEHHO, PEIICHUA OITHO-
pozauoit u Heomuopoauoit CJIAY. 3uauut, X — perrenue Heoguopoanoit CJIAY.
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ITycrs Teneps y — npoussosbhaoe pemtenue CJIAY (3.23). IMokaxkem, 4To
ono umeer Buz (3.25). BosbMmewm erne oaHo pemenue X cucrembl (3.23). Torma,
Tak Kak Ay = b u AX = b, T0, BoUKTasg APYyTr W3 IPyra 3TH PaBEHCTBA,
nonyuyaem A(y — X) = o. Takum obpasom, BekTop-crosifel] y — X sBJisdercs
pemmennem oxaoponnoit CJIAY. Ho Bce ee pelnenus MOKHO MPEJICTABUTL B BUAJIE
(3.22) u mosromy y — X = X. Crenosaresnbho, y = X + X. O

Pemenue neommopomnuoii CJIAY (3.25) masbiBaerca ee obuLum pewerHu-
em. [ToaTomy MOKa3aHHYIO TEOpeMy MOXKHO mepedopMy/inpoBaTh Tak: obuiee
pewenue Heodnopodnoti CJIAY ecmv cymma ee wacmmozo pewenus u obuye2o
pewenus coomaeememeyroueti odnopoonot CJ/IAY.

IIpumep 3.12. Hatimu obwee pewenue C/IAY

1+ 2wy + 423 + 324+ 525 = 2,
2x1 4+ 3x2 + dx3 + 4y + x5 = 14,
3271 + 41‘2 —|— I3 + 5I4 + 21‘5 = 16,
xr1 + 3.%2 + 121’3 -+ 51’4 + 9CE5 = 2,
4£C1 + 5$2 — 31’3 + 6£C4 + 3(E5 = 18.

Pewenue. Ilpumennm k 3amamHoi cucreme meron laycca. ns aToro ymHO-
KWM TIepBOE YPaBHEHWE TOCTIe0BATETHHO Ha —2, —3, —1, —4 u pe3yabpTaThl
YMHOXKEHUI MPUOABUM COOTBETCTBEHHO KO BTOPOMY, TPETHEMY, Y€TBEPTOMY U
MATOMY YPaBHEHUSM:

Ty + 229 +4x3 + 324 + 525 = 2,
—X2 — 3333 — 21}4 — 9.%'5 = 10,
—2.132 — 11$3 — 41‘4 — 13$5 = 10,
T + 8x3z + 2x4 +4x5 = 0,

—3x9 — 1923 — 64 — 1725 = 10.

Terneps BTOpOE ypaBHEHHWE YMHOXKHUM IOCJI€AI0BaTeIbHO HA —2, 1, —3 u pe-
3yJIbTATbl YMHOXKEHUH TPuOABUM COOTBETCTBEHHO K TPETHEMY, Y€TBEPTOMY U
TMATOMY YDaBHEHHUSIM:

1+ 2w + 4x3 + 324 + 525 = 2,
—T2 — 3583 - 2:64 - 91’5 = 107
—5.’E3 + 51’5 S —].07

51‘3 — 5.%'5 = 107

—10x3 + 105 = —20.
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Haxkomnerr, Tperbe ypaBHeHne TPUOABAM K 9€TBEPTOMY W, YMHOXKWB HA —2, TIPHU-
06aBUM K IATOMY; OTOpOCHB TOXaecTBa 0 = 0, MOIyYnM CuCTeMY

T+ 2x9 + 4x3 + 324 + 515 = 2,
—T — 3%‘3 — 21‘4 — 9335 = 10, (326)
—5:173 + 51’5 = —10.

Permrasi onaOposHyto cucreMy, COOTBETCTBYIONLYIO 3aannoit, moxydum CJIAY,
OTJIMYAIONLYIOCsA OT cucreMbl (3.26) TOMBKO HyISIMU B IIPABBIX YACTAX ypaBHe-
HU:

Ty + 2x9 +4x3 + 324 + 525 = O,
—T — 31‘3 — 2]}4 — 9335 = O,
*5ZE3 + 51’5 = 0.

OueBnIHO, pAHT MATPHUIIBI CUCTEMBI PABEH 3 U €€ MOYKHO MEPENuCaTh CIeIy0-
IAM 0OPA3OM:

Ty + 2x9 +4x3 = —3x4 — D5,
—X9 — 31’3 = 2$4 + 915, (327)
—51'3 = —5(E5.

Basucubie HeusBecTHble — 1, Lo, T3, CBOOOAHBIE — 4 U x5. Cle0BaTEIbHO,
PEeIeHnst OMHOPONHON CHCTEMBI 00Pa3yIOT AByMEPHOE JIMHEHHOE TPOCTPAHCTEO.
Yro6er Haiitu 6asuc (3.20) B 5TOM mpocTpaHCcTBe, Bo3bMeM x4 = 1, x5 = 0 u
upumenumM k cucreme (3.27) obparubiii xon mMerona laycca. Toayuum 1 = 1,

x9 = —2, x3 = 0. Touno Tax ke pemas upu x4 = 0, x5 = 1, Haiigem, 4ro
r1 = 15, z9 = —12, 23 = 1. CemoBaTenbHO, HCKOMBIH Oa3MC UMEET BUI:
1 15
-2 —12
e; = 0 , €2 = 1
1 0
0 1

3uaguT, 00IIIee perneHne OJHOPOIHON CUCTEMBI Oy/IeT TaKWM:
X = C’lel + Cgeg.

Heomuoposuyio cucremy (3.26) mepenuinem anajoruduo cucreme (3.27), pas-
JIeJINB TIOCTIeTHee ypaBHeHue Ha, (—5):

T+ 229 +4x3 = 2 —3x4 — D5,
—x9 —3x3 = 104 224 + 9xs5,
r3 = 2+ xs5.
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Haiinem ee wactnoe pemenune npu r4 = x5 = 0. [onyunmm z3 = 2, 2o =
= —16, 1 = 26. ITO pelreHne TOXKe MOKHO 3aIMNCATH B BHIE BEKTOPA-CTOJIOIA,

26

—16

X = 2
0

0

Cnenosarensno, obmiee pertenne 3amanuoit CJIAY umeer sun

1 15 26

—2 —12 —16

x=X+x=0C 0 | +Cs 1]+ 2
1 0 0

0 1 0

[Mpunasas paziuunbie 3uadenus KoHcrantam C7 u Co, MOXKHO TOJYYUTH BCE
Bo3moxkubie pernenns CJTAY. O

3.5 CobcTBeHHBIE BEKTOPDI

Bazxnoe 3nauenue uMeOT BEKTOPbI, JeHCTBHE JIMHEHHOIO OlepaTopa Ha KOTO-
pble CBOIUTCS K WX YMHOXKEHWIO Ha, HEKOTOpoe umncjio. OOpa3 BeKTOpa moIy-
JaeTCs KOJIMHEAPHBIM CAMOMY BEKTODY, TO €CTh 00pa3 BEKTOpA OKA3BIBAETCS
JIeZKAI|M Ha TOM YKe TIPAMOii, Ha KOTOPO# HAXOTUTCS NCXOIHBIN BeKTOp. Takum
0Opa30M, HE OJH BEKTOP TOM MPIMOil THHEHHDIH OepaTrop He B COCTOSTHHUH C
Hee [IePEeMEeCTUTh — JefiCTBrEe Oneparopa He u3dMeHseT 3Ty upsamyio. B pesyib-
TaTe TPHU BBHITIOJHEHUN HEKOTOPBHIX YCJIOBUN BCE TAKWE MPSMbIE [JIsT JAHHOTO
OIepaToOPa OKA3BIBAIOTCS €CTECTBEHHBIMY OCIMY KOODIUHAT, TO €CTh B 9TOM CH-
cTeMe KOOPIWHAT MATPUIA JUHEHHOrO OMepaTopa W yPABHEHUS CBA3AHHBIX C
HUM PEeOMETPUYECKUX OObEKTOB Npuobperaor Haubosiee MpocToll (KaHOHUYE-
cKuit) BUI.
HenyseBoit BeKTOp X HA3BIBAETCS COOCMBEHHBLM BEKTOPOM JIHHEHHOTO
omeparopa A, eciu
Ax = px, (3.28)

r7e p — YHUCJIO0, HA3BIBAEMOE COOCMBEHHBIM HUCAOM, UIU CODCTMEEHHBIM
3HaMeHuemM JUHEHHOro oneparopa. BumHo, uro meficteurensro AX || px.

3.5. CobGcTBeHHBIE BEKTOPDI



3. JIuneiinble omepaTopbl 53

Hanpumep, coOCTBEHHBIMH BEKTOPAMH TOXK/IECTBEHHOIO M HYJEBOTO OIe-
PaTOPOB SIBJISIIOTCSI BCE BEKTODPHI JIMHEHHOIO MPOCTPAHCTBA, a COOCTBEHHBIMU
3HAYEHUSIMH, COOTBETCTBEHHO, 1 m 0.

Ecim Bekrop X — cobcrBennblii Bekrop omeparopa A, 1o pux Toxke Oy-
JIeT COBCTBEHHBIM BEKTOPOM 3TOTO Omeparopa, Tak Kak A(ux) = p(Ax) =
= p(px) = p(ux). ITO M O3HAUAET, YTO BCE BEKTOPHI MPSAMOil, HA KOTOPOii Ha-
XOJIUTCS BEKTOP X, OIIEPATOP HE B COCTOSTHUH C HEe ITePEMeCTUTh. SHAYHUT, U BCA
npaMasd OCTaeTcCd MoJ, JefiCTBUEM OlepaTopa HEM3MeHHOI.

[Mycrs nunelinbiit oneparop A aeficTByer B n-MEPHOM HPOCTPAHCTBE ¢ Ha-

sucoM < e1,...,€, > u A = {a;;} — ero marpuna B rom Gasuce. Toraa
paBeHcTBO (3.28) mj1g COOCTBEHHOTO BEKTOPA X, UMEIOIIEro B JAHHOM Oa3uce
KOOpAMHATH [X] = (71, ...,7,)T, MOxKHO mepermcars Tax:

Alx]| = p[x].

BekTop X u 9ucyI0 P, yAOBIETBOPSIONINE TAKOMY PABEHCTBY, HA3BIBAIOTCS COO-
CMBEHHBIM BEKMOPOM 1 COOBCTNEEHHBIM YUCAOM (FHAYEHUEM) MATPUILIDI
A. Tlocnenmee paBeHCTBO MEPEMUIITEM KaK

(A —pE)[x] = [o],

rnme E — equanvdHasg Marpuiia n-ro mopsaka, a 3aTeM IPEJICTABUM B KOOPIH-
HaTHOH dopme

(@11 —p)z1 + ar2x2 + ... + a1n2, =0,
as1x1 + (a22 — p)T2 + ... + azpxy, =0, (3.29)

Ap1%1 + Ap2X2 + ... + (ann _p)xn =

[TockosbKy COOCTBEHHBIH BEKTOP HE PABEH HYJIIO IO ONPEIEIEHUI0, 9Ta OJIHO-
pomuas CJIAY momxua uMmersb HeHyneBoe perienne. Ho Torma ee ompegennrens
JIOJI?KeH PABHATHCS HYJIIO:

aijl —p ai2 A1n
A—pE| =0« | @ 927P - G g g (3.30)
(075} a2 Gpn — P

PackpbiBas ero, moryauM MHOTOUJIEH N-0if CTEMEHN OTHOCUTEIHHO P, KOTOPBIi
obo3nauaercs ¢(p) U HABBIBACTCH TAPAKMEPUCTIUNECKUM MHO20MAEHOM
mampuyst A. CrenoBaresbno, ypasaenue (3.30), na3piBaemoe rapakmepu-
CMUYECKUM YPABHEHUEM MAMPUUB, A, nveer KOPHAMU ee COOCTBEHHbIE
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sHaderns. OTMETHM, 9YTO B KOMILJIEKCHOM 7-OM TTPOCTPAHCTBE MMEETCsT BCETIa
n (BO3MOXKHO, KOMILIEKCHBIX) COOCTBEHHBIX 3HAYEHWH Marpulibl A, a B Jeii-
CTBUTETHBHOM IIPOCTPAHCTBE X BOODIINE MOXKET He OBbITh.

Teopema 3.11. Xapaxmepucmuneckuti MHO20NAEH MATNPULDL AUHETHO20 ONe-
pamopa ne 3asucum om ewbopa basuca.

Hoxazameavcmso. Ilycrs ¢(p) = |A — pE| — xapakrepucruveckuii MHOro4sieH
marpunpbl A B 6asuce < eq,. .., e, >. Bosbmem eme onun 6asuc < €1,...,€, >,
B KOTODBIIl TMepBBIii 6a3wc TMepexomuT ¢ MoMoIbio Marpunbl S, |S| # 0, To
ecThb cnpaseusa dopmyia (3.16), rae A— MaTpuia omneparopa A Bo BTopoM
6asmuce. Torma

|A —pE| = [S"'AS — pE| = [ST'AS — ST1pES| =
=|STH(A —pE)S| = [ST'[|A — pE||S| = |A — pE| = ¢(p).

O

OTa TeopemMa MO3BOJSET Ha3BaTh (p) TApaAKMeEpucmMuUYECKUM
MHO20%AeHOM, & ypaBHeHue (3.30) — Taparmepucmuueckum YpasHeHU-
em onepamopa A.

N3 Bcero ckazaHHOTO MOJYyYAETCs CJAEAYIONIUI AJITOPUTM BBIYUCJIEHUST COO-
CTBEHHBIX 3HAYEHUN ¥ COOTBETCTBYIOIIUX UM COOCTBEHHBIX BEKTOPOB JIMHEITHOIO
oneparopa A B n-mMepHOM mpocrpancTee. CHavama CleayeT BhIOpaTh HEKOTO-
pblit 6a3uc U B 3TOM 0a3uce HAUTH MATPHUILY A JIMHEHHOTO ONEpaTopa, 3aTeM
pemuTh xapakrepucrudeckoe ypasuenue (3.30). Ero kopuu nagyr coberBen-
HbIE YUCJIA JTUHEHHOro omeparopa. IlycTs p; — HaiigeHHOE TaKUM 00pa3oM coO-
crBennoe uucio. [oncrasisisa ero smecro p B CJIAY (3.29) u peuias ee, Hy»KHO
MOJIyYUTh COOCTBEHHBIH BEKTOD X; (B BBHIOpaHHOM 6a3uce), COOTBETCTBY IO
COOCTBEHHOMY 3HAYEHUIO p;. B0oOIIe roBops, TakuM 0OpPa30M MOXKHO HAWTH
7. COOCTBEHHBIX 3HAYEHWI W CTOJHKO YK€ COOTBETCTBYIONIUX MM COOCTBEHHBIX
BEKTOPOB oneparopa A.

IIpumep 3.13. Hatimu cobcmeentbie 6eKmMopvl AUHETHO20 0NEPamopa, 3a00H-
H020 8 HEKOMOpoMm bazuce mampuyets

2 -1 =2
A= -1 5 1
-2 1 2
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Pewenue. Haiimem xapakTepuCTHUECKHUH MHOIOUJIEH OMEpATOpa (MaTpPUIbI):

2—p -1 =2
-2 1 2-p
=(2-p?G-p)+2+2-45-p) —202-p) =
=A—4p+pH)(5-p)+4—-20+4p—4+2p=
=20 — 20p + 5p? —4p+ 4p*> —p® +6p — 20 =
= —p3 +9p? — 18p.
CirenoBaTeIbHO, XaPAKTEPUCTUIECKOE YPABHEHUE MATPUIIBI KMEET BUJ

p(p* —9p + 18) = 0.

Ero xopuu p; = 0, p2 = 3, p3 = 6 6yayT COOCTBEHHBIMU 3HAYECHUSAMH JIMHEIHHOTO
oneparopa. Halimem coorBeTcTByIONne UM COOCTBEHHBIE BEKTOPHI.
st sToro cocraBuM cucremy Buga (3.29):

(2 —p)xy —x2 — 223 =0,
-1 + (5 *p)iL'Q +x3 =0, (331)
—2z1 + 22+ (2 —p)zs =0,

[IOACTABUM B Hee p = p; = O:

2171 — T2 — 2:173 = 0,
—x1 + 5.’E2 +x3 = 0,
—2x1 + 22 + 223 = 0,

u pemmnM. Ecim mepBoe ypaBHeHHe mpuOABUTH K TPETHEMY, MOJTYIUM PABEH-
ctBo 0 = 0, KOTOPOE MOYKHO OTOPOCUTH. Y MHOXKWB BTOPOE yPABHEHWE HA, 2 U
MpuOABUB K MMEPBOMY, MPUJIEM K CHCTEME

9.%'2 = 0,
—x1 + bxo + 23 = 0.
Ee pemennem 6ymer xo = 0, 1 = «, 3 = «. CnemoBaTeabHO, COOCTBEHHBINH

BEKTOD B JaHHOM cayuae Oymer takum: [x1] = (a,0,a)T, a # 0. Togcrasum
rerepb B cucremy (3.31) p = 3:

—T1 — T2 —2%3 = O,
—x1 + 2x9 + 23 =0,
—2x1 + 10 — 23 = 0.
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HpI/IMeHI/IB K CuCTeMe MeTOJ MCKIIYEeHNA HEU3BECTHBIX, MOJIyYUM
—T1 — T — 23?3 = 0,
3xs + 3x3 = 0.

Pemmenne cucremsr Oyner takum: xo = 3, x3 = —f3, 1 = (5. CooTBercTByOMIMit
cobeTBennbIi BeKTOP: [X2] = (3, 3, —3)T, B3 # 0. Hoacranoska B cucremy (3.31)
p = p3 = 6 maer CJIAY
—4$1 — T — 2$3 = O,
—r1 —r3+ 23 =0,
—21’1 + T2 — 41’3 = 0,
KOTOpas mpeodbpal3yeTcs K BUIY

{ —$1—$2—|—I3:O,

3%2 — 6.%3 =0.
Pemasi, naxomqum x3 = v, 2 = 27, x1 = —v. llosyuaem Tperuii cobCcTBEHHDIH
sextop [x3] = (—7,2v,7)", v # 0. O

Paccmorpum Teopembl 0 COOCTBEHHBIX BEKTOPAX JIMHEHHOTO OTIEPATOPA, 00b-
SICHSIIOIIHE, TIOYeMY COOCTBEHHBIE BEKTOPHI MOT'YT OBITH KOODIWHATHBIMU OPTa-
MH B N-MEPHOM IIPOCTPAHCTBE, 00pa3yss B HEKOTOPOM CMBICTIE Hambosee ymob-
HYTO CHCTEMY KOODIIMHAT.

Teopema 3.12. Cobcmeentbie 8eKmMOPblL, COOMBEMEMEYNVULUE PA3AUNHBLM COO-
CTMEEHHBIM ZHAYEHUAM CAMOCONPANCERHO20 ONEPATNOPA (CUMMEMPUUHOT MATN-
DPUYDL), OPIMOZOHANDHDL.

Zoxazameavcmeo. Ilycts A — CcaMOCOTPSIXKEHHBIN  OMEpaTop, TO €CTh
A=A* axuy— ero cobCTBEHHBIE BEKTOPHI, COOTBETCTBYIONINE COOCTBEHHBIM
quciaaMm p u g, p # q. Torma

Ax = px, Ay = qy.
VMHOXKHUM TIepBO€ PABEHCTBO HA Y. Toraa ero jgeBas 4acTh CTAHET PABHOMN
y - Ax=Ay - x =q(y - x),
a IIpaBad 9aCThb IIPUMET BHU
y - px = p(y - X).

Tak kak 3ty yactu passbl, 10 ¢(y - x) = p(y - x), unu (¢ — p)(y - x) = 0.
[Tockonbky p # ¢, 10 y - X = 0, C1e10BaTE/IbHO, X U y OPTOIOHAJILHBI. O
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Teopema 3.13. Cobcmeenmuvie 3HaueHus deticmeumenbHoli CUMMEMPUUHOTU
MAMPUYLL 0eTUCTNEUMNENLHDL.

Joxazameavcmeo. Cradana moxazkeM, 4ro nist mMarpun A = {a;;} 1 B =
= {b;; }, 91€MEHTbI KOTOPBIX ABJIAIOTCH KOMILTIEKCHBIMU YHCJIAMHE, CIPABEJIHBO
PABEHCTBO

AB = A B, (3.32)

rae A — MaTpuIa, COCTOANIAA U3 JIEMEHTOB, KOMILJIEKCHO-COLPSZKEHHBIX CO-
OTBETCTBYIOIIUM 3jieMeHTaM MATpuilbl A. [leiicTBUTENbHO, TOMB3YSACh OTPeIe-
JIEHUEM Ollepaliuy YMHOXKEeHUS MAaTPUIL, TOJIyvdaeM

AB = Z&ijbjk = Zaijbjk = Z@bjik: A - B.
J J J

[IpeATIoMOKNM Tenephb, ITO p — COOCTBEHHOe 3HAUEHNEe CHMMETPHIHON MaTpH-
et A, a [x] — cooTBercTByIOmUit COGCTBEHHBIN BeKTOP-CcToben,. Torma

Alx| = plx]. (3.33)

[TpumenuM K mocaefHeMy PaBEHCTBY KOMIIJIEKCHOE CONPSKEeHNUe, HCIOIb3Yd pa-
BeHCTBO (3.32) u 10, 9TO MATPUIAa A COCTOUT U3 JEHCTBUTEBHBIX YHCET:

Alx]=p-[x]. (3.34)

9TO 03HAYAET, 9TO P TOXKE OyI1eT COOCTBEHHBIM 3HAYEHUEM MATPUIIHI A, a BEK-

TOp [X] — COOTBETCTBYIOIIMM €My COOCTBEHHBIM BEKTOPOM. YuurbiBas (3.34),

—T
ymuoxkuMm pasencrso (3.33) ma [x] . B seBoit uacrm pasencrsa nosydum

ETA[X] = (AX)T[x] =7 [x] [x], a ero npasas wacts Gyzer pasma p[x] [x].
CrenoBarensro, p- [x] [x] =p- [x] [x], wiu (p—p) - [x] [x] = 0. Ho, Tak kax
@T [x] # 0, T0 p =D W MOTOMY P — AEHCTBATENHLHOE YHCIIO. O

Teopema 3.14. Ecau camoconpastcenuviiti AUHeiHbLl onepamop 6 n-mepHom
NPOCMPAHCMEE UMEEM N NONAPHO PA3AUNHLLT COOCTMBEHHHLT 3HAYEHUT, MO U3
€20 COOCMNBEHHBLT BEKMOPOS MONCHO COCTNAGUMD OPTNOHOPMUPOSAHHBLT 0a3UC
NPOCMPAHCMEE.

Hoxasamenvcmeo. Boibepem HEKOTOPBIH Oa3uc B JIMHEHHOM HpocTpaHcTBe. B
9TOM 0a3uce CaMOCONPSKEHHBIN OMEPATOP MPEICTABUTCS HEKOTOPOH CHMMET-
puuHoit Mmarpurieit. CoryiacHo peIbIIyIel TeopemMe Bee ee COOCTBEHHbIE 3HAYe-
Hug Oyayr peficrBuresbabiMu ducjgamu. 11o ycioBuio 10ka3piBaeMoil TeopeMbl
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9TU YMCJIa MOMAaPHO PA3JIUYHbBI, TTIO3TOMY B COOTBETCTBHUH € TeopeMoil 3.12 coot-
BETCTBYIOIINE UM COOCTBEHHBIE BEKTOPHI Oy/IyT MOMAPHO OPTOrOHAIBHEL. IlycTh
s; — i-it cobcTBennbI BekTOp. HopMupyem ero oObraHbIM 06pazom: s, = s; /|s;|.
Ucnonbsys Teopembl 1.9 u 2.5, IPUXOIUM K BBIBOY, 9TO < S, ...,80 > — Op-
TOHOPMHUPOBAHHBIN OA3WC. O

Teopema 3.15. Mampuya A aunetinozo onepamopa A 6 0Oasuce
< eq,...,e, > umeem duazonarvhoili 6ud mozda u MoAbKo mozda, Ko2da ce
eexmops, bazuca — ee cOOCMBERHBLE BEKMOPDL.

Zoxazameavcmeo. Ilycts 6a3ucom < ey, ..., €, > ciayxKar COOCTBEHHbIE BEKTO-
pbt MaTpuibl A. Tak Kak 9Ta MATPHIA COCTOUT U3 00pa30B 6A3UCHBIX BEKTOPOB,
a 00pa3 6a3uCHOIO BEKTOPA B JAHHOM cJjydae umeer sBui Ae; = p;e;, riae p; —
COOCTBEHHOE 3HAYEHUE MATPHUIIBI, COOTBETCTBYIOINIEE COOCTBEHHOMY BEKTODY €,
TO

pp 0O 0
A=| 0 P2 0L (3.35)
0 0 Dn

O6paruo. Ilycrs Mmarpuna A umeer jguaronasbhbiii Buj (3.35). Tak kak ee
i-i1 cromber; ecTh 0Opa3 0A3UCHOIO BEKTOPA €;, TO

Ae; = (07~~~707pi70""’0)T'

910 o3HaYaer, 9TO B JaHHOM bOasuce BekTop Ae; mmeer pasiiokenue Ae; =
= p;e;. Takum 0Opa3oM, e€; — COOCTBEHHBIN BEKTOP MaTpuibl A, a p; — COOT-
BETCTBYIOIIEe eMy COOCTBEHHOE 3HAYEHNE. O

3.6 Ksagparuunsie opMbI

Keadpamuuroti hopmoti n EPEMEHHBIX T1,. .. ,L, HA3BIBAETCS MHOTOUJIEH
BTOpOfI CTEIICHHU 9THUX IMEePEMEHHbBIX BHIA

Q(a:l,...,xn) = ZZaijximj, (336)

i=1 j=1

TIe a;; — JefCTBUTeIbHBIE YNCIa, Ha3biBaeMble kKoagduyuenmamu xeadpa-
muyHot POpMbL 1 yIOBIETBOPAIOLINE YCAOBHIO (i = Uji.

OcHoBHOI 331246t TEOPUY KBAIPATHIHBIX (POPM, TECHO CBII3AHHON C IpUBe-
JICHHEM yPABHEHUH anreOpandecKux JIMHUN U IMOBEPXHOCTEH BTOPOIO MOPSIKA

3.6. KBajgpatuunbie ¢popMBbI
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K KAQHOHWYECKOMY BW/IY, SIBJII€TCS TPUBEIEHWE KBAAPATHUIHON (DOPMBI K TaK
Ha3bIBAEMO cymMmMme KBaaApaToB. [logpasymeBaercs Takoe JuHeiTHOE MPeodpa3o-
BaHUe IEPEMEHHbIX L1, ..., Ln, B Bbipaxkenuu (3.36), nocje KOToporo KBapaTud-
Hasi popma OyIer COIEPXKATh TOJIBKO KBAJIPATHI MIEPEMEHHBIX C IOJOXKUTEb-
HBIMU WJIA OTPUIATENHHBIMEU KO3 dunpmentamu mpu HuX. OqHUM U3 CITOCOO0B
pelrenns dToi 3a0a4n aBisgeTcsa memod Jlazparnatca, nim memod svidene-
HUSL NOAHBLT K8adpamos.

Paccmorpum ator meron. Eciu kBagparndHas ¢popMa He COAEP:KHUT HU O
HOTO KBAaJIPaTa KaKOH-THO0 IMepeMeHHOi, TO €CTh It BCeX M KO3 PUIMEHTDHI
mm = 0, HO Q(21,...,2,) # 0, TO HallLyTCa IEpeMeHHbBIE T; U &j, © # J,
Takwme, 9To a;; 7 0. B aTOM cIydae gemaem 3aMeny T; = Y — Vi, Tj = Yi + Yy,
Tk = Yk, k #£ 1, k # j, v wien kpagpaTudHoi hOPMbI, CONEPKAIIMIA TPOU3BEIE-
HEe [IEPEMEHHBIX X; U T, Ipeobpa3yercd B /IBa CIaraeMbIX, yzKe COleprKallix
KBaJpaThl IEPEMEHHBIX:

2aijwiw; = 2ai5(yi — y5) (Yi + y5) = 204597 — 20447

[TosTomy 6ymem Tenepb CINTATH, YTO KBAIPATHIHAS (DOPMA, CONEPIKUT KBAIPAT
XOTst OB OTHO TEPEMEHHOi, HAIPUMED, JIJIsi ONPEIEIEHHOCTH x% Boroenum B
KBaIPATUIHOM (HOpPME BCE CIAraeMble, COMEPIKAIIUE T1:

Q(x1,...,T,) = a112% + 24102122 + ... + 201,212, + 0(T2, ..., 2,) =

1
= a—ll(auxl +ajTe + ...+ alnmn)2 +0'(z2,. .., 20), (3.37)

rae o, ¢’ — MHOTOYJIEHBI, HE ComeprKamume nmepemennoil r;. Crenaem 3ameny

MMePEeMEeHHBbIX 21 = G121 + A12T2 + ... + Q1pTn, 2k = Tk, k = 2,n, moce
KOTODOI#i KBajparudHas dopma (3.37) npesparurcs B

1
2
Q1(z1,. .y 2n) = —27 + Qa2(22, ..., 2n).
ail
B sTom Beipakenuu Qo (29, .. ., 2, ) TOXKE ABIAETCA KBAAPATUIHONH (HOPMOIA,
HO YK€ MEHBIIEr0 YNC/Ia TepeMeHHbx, deM Q. [IpuMenss K Hell TOT Ke moj-
XOJI, BBLIEIUM KBAJIpaT MEPEMEHHON 7o M T.I., IOKa KBaJpaThdHad (opMa He
IPUMET BUT,
2 2 2
Q3(t17 v 7tn) = )‘ltl + Ath +...+ Antnv

KOTODBIN M HA3BIBAETCS CYMMOU K8adpamos, nin KaHOHUYECKUM 8udom
KBaIPATUIHON (HOPMBI.

3.6. KBajgpatuunbie ¢popMBbI
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IIpumep 3.14. Ilpusecmu % KaHOHUYECKOMY 6UJY KEAIPAMUYHYN HOPMY
Q(z1,x2,%3) = 21272 + T2x3 + 32173.

Peuwenue. Tak Kak KBaapaThl IEPEMEHHBIX B KBAIPATHIHON (popme OTCyTCTBY-
0T, CJIEJIAEM 3aMeHy T1 = Y1 —Y2, T2 = Y1+Y2, Y3 = T3. B pesysnbrare 3a1annas
KBajparudnas (popma npuodperer Bu

Q1(y1,y2.y3) = yi — ¥3 + (1 + y2)ys + 3(y1 — y2)ys =
= Y7 — Y5 + y1Y3 + Yays + 3y1ys — 3yayz =
=yl — 5 + 4y1ys — 2y0ys.

Beimosnaum mpeobpaszosanne (3.37):

Q1(y1,Y2,Y3) = ¥i + 4y1ys — ¥ — 2y2y3 =
= (y1 +2y3)°* — y3 — 2y2y3 — 4y3.

Crenaem 3aMeHy MEpPeMEHHBIX 21 = Y1 + 2y3, 22 = Y2, 23 = Y3 U IPHUIEM K
CTIEYIONIEMY BUIY KBaAPATUIHON (POPMBI:

2

Q2(z1,22,23) = 22— zg — 22923 — 4z§ =2z1"— (22 + 23)2 - 32%.

ITocne 3amensr t1 = z1, to = 23 + 23, t3 = 23 MOAyIaeM KBaJApaTUIHYIO (hpopmy
B BUJIE CyMMbI KBaJIPATOB:

QS(t17t27t3) = t12 - t22 — 3t§
O

Paccmorpum Teneph apyroit moaxo, OCHOBAHHBINA HA, METOIAX TEOPHUU JIU-
HEHHBIX MPOCTPAHCTB. JlJIsi TOTO BEpHEMCS K MPOCTPAHCTBY 7-OK YHCEJ BHUJIA,
x = (21,...,Z,) ¢ 6azucom (1.8) U CKaNAPHBIM HPOU3BEIEHUEM, OLPEIEIIeH-
HbIM, KaK ObLiI0 paccMorpeno Boime. Torpa kaaparudnyio dopmy (3.36) mox-
HO 3alIMCATh B MATPUYHOM BU/IE:

Q(x) = [x]"A[x],

rae x| = (z1,...,2,)7 — BekrOp-cronGen, A = {a;;j} — cummeTpnuHAsT MaT-
puIia, KOTOpas HA3BIBAETCI Mampuueli Keadpamuurol opmot.

B coorsercrBun ¢ teopemoit 3.2 marpuily A MOXKHO CUUTATH MaTpuUlleit
smHelinoro oneparopa A c¢ neiicreuem Ax = A[x]| u kBagparuunyio dbopmy
3alMCaTh eIle U TaK:

Q(x) =x- Ax.

3.6. KBajgpatuuynbie ¢popMBbI
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[Tycrs marpuna A uMeer BCe pa3judHbe COOCTBEHHBIE 3HAYEHULA D1, -.., Pn,
KOTOPBIM COOTBETCTBYIOT €AMHUYHBIE COOCTBEHHBIE BEKTODBI €1,. .., €,, 00pa-
3yIOI#ie B COOTBETCTBUU C TeopeMoil 3.14 opTroHOpMUPOBAHHBIN Oa3uc B pac-
cMaTpuBaeMoM mpocrpancrse. Bosbmem marpumy L = ([€1]...[e,]), [€]T =
= (€i,...,¢e\), cronbraMu KOTOpoil ABAIOTCA COOCTBEHHBIE BEKTOPHI MATPHITHI
A. Dra marpuna nepesoaut 6a3uc e B 6asuc € no dopmyse (3.6):

rn

[el]” [e1]"e [e4] N
LT[e]: [e] = — = [e],
[€n] T [€n] Te [€n]
[e1] 1 0
Gle=@.a| @ =al O jeqa] O |-
[en] 0 1
-1 % | =k

Ho o6a 6a3uca opTOHOPMHUPOBAHHBI, CJI€I0BATEILHO, L — MaTpHUIla HEKOTOPOTO
OPTOTOHAJBHOTO OMEPATOPA B CUJIY TEOPEMBI 3.4. DTO 3HAYUT, ITO LT =L,
Marpuna A 1oz jeficTBuemM OpTOrOHATHLHOTO ONepaTopa Ipeodpasyercs B Mar-
puiy A 1o dopwmyne (3.16) u, yuursiBas, 4ro 110 Teopeme 3.15 marpuna B
6a3uce u3 cOOCTBEHHBIX BEKTOPOB MMEET /TMATOHAJIBHBIA BUJ, [TOJLY 9HM:

pr 0 - 0
A-v'AL-vfaL=| 7 0
0 0 - pp

Kpowme Toro, koopauHarbl BeKTOpa X B HOBOM bazuce nupumyt Buay (cu. (3.14)):
x] = Lly], [y]* = (y1,---,¥yn), cleg0BaTE bHO, KBagpaTHdHas dbopma Mo
JIefiCTBIEM JAHHOIO OPTOrOHAJILHOTO ONEpaTopa OyJeT MpUBEIeHa K KAHOHU-
9ECKOMY BHILY:

Q1Y) = Q1. .., yn) = [x]"A[x]| =

x=L[y]
= (Lly])"AL[y] = [y]"L"AL[y] = [y]"Aly] =
=Pyt + .. + Pulp-

3.6. KBajgpatuunbie ¢popMBbI
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Takum 06pa3om, 9TOOBI JAHHBIM METOIOM TMPUBECTH KBAAPATUIHYIO (HOPMY K
KAQHOHUYECKOMY BUJIY, HY?KHO TOJIbKO HAHTHU COOCTBEHHBIE 3HAYEHUS D1, ..., Dp
MaTpuIbl A.

3.7 Ilpumenenue KBaapaTU4HbIX (pOPM

Teopusi KBaIpaTUIHBIX (POPM SBIFAETCS MOIMHBIM HHCTPYMEHTOM [IJIsd UCCIIe-
JIOBaHUSI HEKOTOPBIX KPUBBIX W MTOBEPXHOCTEN C IEIbI0 BHISCHEHUS WX THUIIA,
MPUBEIEHNST K KAHOHUYECKOMY BUY W MOCTPOEHUsI B MCXOIHOM CHCTEME KOOD-
JIMHAT.
IIycres anrebpamdeckass KpuBasi 2-TO MOPSIKA 3aaHA CBOUM OOIUAM ypPaB-
HEHHEM
aux% + 2a12T122 + CLQQLL‘% + b1z + bexo + ¢ = 0. (338)

Oba paccMOTPEHHBIX METOIA MPUBEIEHUS KBAAPATUIHON (POPMBI K CyMMme
KBaIPATOB T'OJATCS /I TPUBEIEHUS aIreOpandeckoil KprUBOil BTOPOTO TOPS/I-
Ka K KaHoHumdveckomy Buy. IlepBroiit MeTom MoxkeT moka3arbes OoJiee JIErKUM,
O/IHAKO OH HE JIaeT IMPOCTOrO IyTH JJis IOCTPOeHHs rpaduka KPUBOH B HC-
xonHoMm Oazmce. C MOMOIIBIO BTOPOTO METO/a TaKOe TOCTPOEHWE BBITIOTHUTH
HECJIO?KHO, HO B JITAHHOM HM3JI0KEHUUW OH He BCEerJa NPUMEHUM U He CTOJIb MPOCT,
KaK IEepBBIii.

IIpumep 3.15. Memodom Jlazparorca npueecmu ypasHeHue KPpusot

723 — 242139 —38x1 + 2415 + 175 =0 (3.39)
N————

K KaHoHuueckomy 6udy u onpedeaums mun Kpueod.

Pewenue. @urypHoit cKOOKOM MOKa3aHa KBaJapaTHdHas (HOpMa, BXOIAIIAST B
JIEBYTO YaCcTh ypaBHeHWs. BbLiesuM s Hee HOJIHBIA KBaJpaT TakK, KaK 3TO
OBLIO BBITIOJHEHO B MPEIBIIYIIEM II.:

1 144
?(7931 — 1229)% — 7:53 — 382 + 24wy + 175 = 0.

Cremaem 3aMeHy MEPEMEHHBIX: Y1 = 7x1 — 12%2, Yo = To. Y PABHEHUE TIPUMET
BUJI:

1, 144 12
- 13 - :ssyﬁfy2 + 24ys + 175 =0,
1, 38 144 , 288
Sy, e 20 75—
7y1 7 Y1 7 Yo 7 Y2 +

3.7. IIpumeHeHUe KBaJApaTUIHbIX (bopM
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BeigenuM mosiHbIE KBAAPATHL [IJIsT BBIPAXKEHUN, OTMEUEHHBIX (DUTYDPHBIMA
CKOOKaMu:

1 361 144 144
—(y1 — 19 - =/ - — )24+ — +175=0
7(2/1 ) 7 7 (y2 +1)" + 7 + ;
1 144
=y - 19)% — —(y2 + 1)2 4144 = 0.

Crenas 3ameny z1 = Yo + 1, 20 = y; — 19, momyaum

1 144
A4 _
7 1008

[Mocearee ypaBHeHE MO3BOISET CAETATH BBIBOJ, YTO 33/ IaHHAS KPUBAs — T'H-
epbota. O

Bepuemcs k ypashenuto (3.38). IlepBble Tpu ciiaraembix B HeM 00pasyroT
kBaJparudnyio ¢Gopmy. Beegem marpuny A, sekrop X (upu n = 2 ), Kak 310
OBIIO caenano B mpeabyrymieM 1., u Bektop [b]T = (b1, by).Torma ypasuenue
KPHWBOIl MOYKHO 3aIMCATh B MATPAYHOM BHJIE:

[x]" A[x] + [b] " [x] + ¢ = 0.

YroOBI IPUBECTH €r0 K KAHOHUYECKOMY BHLY C IIOMOIIBIO OPTOrOHATBHOTO OIIe-
paropa, HeoOXOIMMO BBIIOJHATE CJIELyIOIHe JTeHACTBHA.

1. Haiitu cobcrBenHbie 3HaveHus: py,po Marpuubl A. YOeauTbcs, 410 3THU
suadenus paznudnbl. (Ecau p; = po, TO B JAHHOM U3JI0KEHUU METOJ, HE T'O-
nurcs). Haiitu coOCTBEHHBIE BEKTOPBI S1, Sp MATPHUILI A, COOTBETCTBYOIIUE
HAHIEHHBIM COOCTBEHHBIM 3HAYEHUSIM.

2. Hopmuposarb cobcTBeHHbIE BEKTODPDI IO IpaBUILY: €; = S;/|s;|, i = 1,2.

3. Cocrasurp oproronanpuyio marpuuy L = ([€;1] [€2]) u caenarp 3ameny
nepemennsix [x] = Lly], y = (y1,y2), npu 3ToM KBaaparndHas $hopma TpuMer
i [x|TA[x] = p1yf + pays3.

4. Haittn pesyabTat mpeobpaszosanus muneitnoit hopust [b][x] = [b]TL[y].

5. B mpeobpasopannom ypasuenuu p1y; + poys + [b]TLly] + ¢ = 0, ecim
HEOOXOIMMO, BBIIEIUTH IIOJHbIE KBAJIPATHI IS BHIPAXKEHHH, COIEPKAIIUX I1e-
PEMEHHBIE Y1 W Y2, U OKOHUATEJIHHO TIPUBECTH yYPABHEHUE K KAHOHUIECKOMY
BHLY.

3.7. IIpumeHeHUe KBaJApaTUIHbIX (bopM
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IIpumep 3.16. C nomowbo 0pmozoHaALHOZO OMEPATNOPE NPUBECTIU YPAEHE-

nue (3.39) x Kanonuveckomy eudy u nocmpoums kpuesyro 6 basuce e; = (1,0),
€y — (0, 1)

Peuwenue. Kak yxe ObLIO OTMEYEHO, KBaApATHIHAS (pOpMa, BXOIAIIAS B yPaB-
HEHHEe, UMEeT BU/L
2
o(x1,x9) = T2 — 24z 5.

CocraBuM /18 MaTPUIIBI KBAIPATUIHON (HDOPMBI

7 12
A‘(—12 0)

XapaKTepuCTUN4IeCKoe ypaBHEHNE

| T=p 12 _ o _
IA—pEI—‘ 12—y ‘—p Tp — 144 = 0.
Kopusamu ypaBrenusi sBasiorcs cOOCTBEHHBbIE 3HAYEHUS MATPHIBL p; = —9,

p2 = 16. Urobb! HaliTH cOOCTBEHHBIE BEKTOPBI, COCTABUM CHCTEMY

(7T—p)s1 — 1255 =0,
{ —12s1 — psy =0, (3.40)
e [s] = (s1, 2)7 — uckombIit cobcTBeHHbIH BeKTOp. IloICTABAM B 3Ty CHCTEMY
p=p1=-9
1681 - 1282 = 0,
—12s1 +9s9 = 0.

Ee pemenwe maer cobereenmbiii Bektop [s1] = (3t,44)T, [&1] = [s1]/|s1] =
= (3t,4t)T/(5]t]) = £(3/5,4/5)T. Buibepem 3HaK «+», TO €CThb BEKTOp [€;] =
= (3/5,4/5)T. Ananornuno, moacTapnas B cuctemy (3.40) p = py = 16, momy-
9aeM CHCTEMY
7981 - 1282 = 0,
{ —12s1 — 1659 = 0,

U3 KOTOPOIl HAXOAMM BTOPOil cOOGCTBEHHBII BEKTOp [S2] = (4t, —3t), [€2] =
= [sa]/|s2| = (4¢,—-3)T/(5|t|) = £(4/5,-3/5)T. Hna suaka «+» nomyuaem
[€s] = (4/5,—3/5)T. CocraBum n3 3THX BEKTOPOB MATPHUILY

o 3/5 4/5
L= ([e1] [e2]) = ( 4?5 —3§5 )

3.7. IIpumeHeHUe KBaJApaTUIHBIX (bopM
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u cresaeM 3ameny nepemeHHbixX [x] = Lly], y = (y1,y2). B pesyabrare jn-
Heiinag dopma —38z; + 24xs mpeobpasdyercsa cienyomum obpasom ([b] =
= (—38;24)T):

~382 + 24> = [b][x] = [b]"Ly] =

:(_38;24)(§ —% ) < Zé)Z

_(—18 —224 Y1 __§ _%
- 5 3 5 Yo - 5y1 5 Y2.

CireoBaTesibHO, 1O, JefCTBHEM OPTOrOHAJIBHOIO OMEPATOPa 33/IAHHOE ypPaB-
HEHUE [IPUMET BUJ

18 224
—9y? + 16y3 — T e 175 =0.
Jasee BbLeIsieM HOJTHBIE KBAAPATDI [IJIA 41 U Yo U MOCIEIOBATEIHHO MOy 9aeM

2 2
1 7 9 784
—9Qh+5)-+w(m—5> =—— +— — 175,

1\? 7\ >
-9 - 16 — = =-144
(yl + 5) + (yz 5) )

n+1)° (-1

16 9
TakuM 00pa3oM, 3aJaHHAs KpUBas NEHCTBUTENLHO NpPEACTaBIseT CO0O#H ru-
nepboity ¢ neaTpom B Touke (—1/5;7/5) B cucreme koopauuar y; Oye. Yeprex
runepboJIbl IpUBeIeH Ha puc. 3.4. O

=1

ITycTs Temepsb 3amana anredpandeckas MOBEPXHOCTH 2-TO MOPSIIKA!
2 2 2
a11T] + Q2275 + az3xrz + 2012122 + 2013123 + 2093223+
—+ blxl —+ bQZL’Q —+ b3$3 +c= 0

[IpuBenenme TakKOro ypaBHEHUS K KAHOHUIECKOMY BUJTY KaK C IMTOMOIIBIO METO-
Ja Jlarpamka, Tak # ¢ TOMOIIBIO OPTOTOHAJIBHOTO OMEpATOPa MPUHITUITHAIHHO
HUYEeM He OTJIMIAeTCsa OT PACCMOTPEHHOTO BBIIIE.

IIpumep 3.17. Memodom Jlazpanoca npusecmu ypasrenue no8ePTHOCMU

5xf + 119:3 + 233% — 162122 + 20z 23 + 42023 +

+ 300y — 1229 + 2425 +27 =0 (3.41)
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]
X

(S

N
N

9?

M(=1/57/5)

Puc. 3.4: T'unepboma
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K KAHOHUYECKOMY 6U0y u onpe@e/cum'b mun noeeprHocmu.

Peuwenue. @urypHoit CKOOKOIT TOKa3aHa KBaapaTndHas ¢popma. Beraeanm mos-
HBIA KBaJpaT AJid IePEeMEHHON X1:

1 64
g(5901 — 89 + 10z3)? — Exg — 2023 + 32x2x3 + 1123 + 223 + daoxz+
+ 30x; — 1229 4 2423 + 27 =0,

1 9
g(5gg1 — 8xy + 1023)% — gxg — 1822 + 36xox3 + 302, — 1215+
+ 24x3 + 27 =0,

U CJleJIaeM 3aMEHY IMepeMEeHHbIX: Y1 = bx1 — 8xg + 10x3, Yo = o, Y3 = T3:

1 9 + 8y — 10y:

YT~ £Us — 1895 + 36y2ys + 30l T 8 9y, 4 24ys + 27 = 0,
L2 92 15,2 _ _
Y1~ Y2 — 18y3 + 36yays + by1 + 36y2 — 36ys +27 =0,

y? — 9y2 — 90y2 + 180y0ys + 30y; + 180y, — 180y3 + 135 = 0.
Temepb BBIIETUM MOTHBIN KBAAPAT /I TIEPEMEHHON s

Yt — 9(y2 — 10y3)* + 900y3 — 90y3 + 30y; + 180ys — 180y3 + 135 = 0,
y? — 9(yo — 10y3)* 4 810y32 + 30y; + 180y, — 180y3 + 135 = 0.

CHoBa crenaeM 3aMeHy MEPEMEHHBIX: 21 = Y1, 22 = Y2 — 10y3, 23 = y3:

22 — 922 + 81022 + 302, + 180(29 + 1023) — 18023 + 135 = 0,
2§ — 923 + 81023 + 302, + 18022 + 162023 + 135 = 0.

BI)I/‘IQJ'II/IM IIOJTHBIE€ KBaJAPATDHI JJIA IIEPEMEHHBIX!

(21 4 15)% — 225 — 9(z5 — 10)? + 900 + 810(z3 + 1)* — 810 + 135 = 0,
(21 +15)% — 9(22 — 10)* + 810(23 + 1)? = 0.

Haxkomery, BBITOJHAM OCJIEIHIO 3aMEHy MEPeMeHHbIX: w1 = 21 + 15, we =
=29 — 10, w3 = 23 + 1 ¥ mOJIyYnM KaHOHUIECKOE yDaBHEHUE

w? — w3 + 810w? = 0,

13 KOTOPOI'O BUHO, YTO 33JaHHAS [IOBEPXHOCTbh — KOHYC BTOPOI'O IOpsAKa. [
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[Ipumenenne MeToa OPTOrOHAJIHHOTO OMEPATOPA K YPABHEHUIO ajredpau-
9eCKO¥ TOBEPXHOCTH BTOPOTO TOPSIIKA AHAJIOTHIHO MPUMEHEHHIO 3TOT0 METOIA
K YPaBHEHUIO aiareOpandeckoii KpuBOi BTOPOro nopsaka. leranu npuMenenust
PacCMOTPHUM Ha IIPUMEDE.

IIpumep 3.18. C nomownpto o0pmozonaadbHo20 ONEPAMOPa  NPUBECTNU
ypasnenue (3.41) ¥ KanonuueckoMy 6UY U NOCTNPOUTND NOGEPTHOCTL 6 basuce
e; = (1;0;0), e = (0;1;0), e3 = (0;0;1).

Pewenue. Kpagparuunas ¢gpopma, BXOAAIIAd B YPABHEHUE, UMEET BUJL
o(z1,T2,23) = 53:% + 11x§ + 2:5% — 16x129 + 202123 + 4T023.

Eit coorBeTcTByeT MaTpuia

5 —8 10
A=| -8 11 2
10 2 2

CocTaBuM XapaKTEPUCTUIECKOE YPABHEHUE:

5-p -8 10
A—pE|=| -8 11—p 2
10 2 2-p

= (5—p)(11 = p)(2 — p) — 160 — 160 — 100(11 — p)—
—4(5 — p) — 64(2 — p) = (55 — 16p + p*)(2 — p) — 320—
— 1100 + 100p — 20 + 4p — 128 + 64p =

=110 — 32p + 2p? — 55p + 16p* — p> — 1568 + 168p =
= —p® +18p% 4 81p — 1458 = p*(18 — p) + 81(p — 18) =
=(18=p)(p* = 81) = (18 = p)(p 9 (p+9) = 0.

CureoBaresibHO, CODCTBEHHBIE 3HAYEHWS MATPHUIBI PaBHBL p1 = 9, py = 18,
p3 = —9. Uto06b! HAMTH COOCTBEHHBIE BEKTOPHI, COCTABUM CHCTEMY
(5—p)sy —8sy + 10s3 = 0,
—8s1 + (11 — p)sa + 2s3 = 0, (3.42)

1051 + 252 + (2 *p)Sg = 0,

e [s] = (s1,582,53)7 — HCKOMBIi cOGCTBEHHDIH BeKTODP. IloACTaBUM B 3Ty CH-
creMy p=p1 =9:
—481 — 882 + 1083 = 0,
—8s51 + 252 + 253 = 0,
10s1 + 259 — 7s3 = 0.
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Pemas ee, maxomam [s1] = (t,2t,26)T) [&1] = [s1]/|s1| = (t,2t,26)T/(3]t]) =
= 4(1/3,2/3,2/3)T. Buibepem 3Hak «+» W TOAyYUM BEKTOp [€1] =
= (1/3,2/3,2/3)T. Ananormuno, noacrasnsas B cuctemy (3.42) p = py = 18,
HNPUXOAUM K CHCTEME

—13s1 — 8s9 4+ 10s3 = 0,
*881 — 782 + 233 = 0,
1081 4 259 — 16s3 = 0,

U3 KOTOPOil HaXOJUM COOCTBEHHBIH BEKTOD [So] = (2t, —2t,1), [€2] = [s2]/|s2| =
= (2t,—2t,t)T/(3]t|) = £(2/3,-2/3,1/3)T. Insa smaxa «—» momydaem [€] =
=(-2/3,2/3,-1/3)7.
Hakonen, mjsi rperbero cOOCTBEHHOIO 3HA4YEHUs P = po = —9 nosydaem

cucremy

1457 — 8s9 + 10s3 = 0,

—8s1 4+ 2082 + 253 = 0,

1051 4+ 259 + 11s3 = 0,

pertienne KOTOpOoi MaeT TpeTHit cOBCTREeHHBIN BeKTOp [s3] = (2t,t, —2t), [€3] =
= [sa]/Is2] = (2t,t, —2t)T /(3|t|) = £(2/3,1/3,—2/3)T. lnsa 3naka «+» nomy-
wqaem [€3] = (2/3,1/3,—2/3)T .CocraBum u3 9THX BEKTOPOB MATPHITY
1/3 —2/3  2/3
L=(e][e][es)=1| 2/3 2/3 1/3
2/3 —1/3 —2/3

u cheinaeM 3ameny nepemenubix [X] = Lly], ¥ = (y1,¥2,y3). B pe3syuabrare
smueitnas gopma 30x; — 1229 + 24x3 npeobpaldyercs cieayiommMm 00pa3om
([b] = (30; —12;24)"):

3021 — 1225 + 24z5 = [b]" [x] = [b] L[y] =

1/3 —2/3 2/3 n
=(30;—12;24) | 2/3 2/3 1/3 v | =
2/3 —1/3 —2/3 s
U1
= (18;-36;0) [ w2 | = 18y1 — 36ys.
Y3

3HauuT, 1071 JeficTBUeM OPTOrOHAJIBLHOIO OIlepaTOpa 3a4anHoe ypasuenue (3.41)
[IpUMEeT BUJ
9y? + 18y2 — 9y + 18y; — 36y, + 27 = 0.
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Z[a,nee BBIJICJIAEM IIOJIHBIE KBa,ZLpaTbI JJIA yl nu y2 " II0CJIEJOBATEJIHBHO HO.Hy“IaeM
9(y1 +1)> —9+18(y2 — 1)* — 18 — 9y2 + 27 = 0,
9(y +1)° +18(ya — 1)> — 992 = 0,

(1 +1)°
2

v3

2:0.

+(y2 —1)° —

Takum obpa3oM, 3aaHHAS TOBEPXHOCTD JEHCTBUTEILHO MPEICTABIAET COOOIt
KOHYC BTOPOI'O LOpsijiKa ¢ BepiiuHoil B rouke (—1;1;0) B cucreme KoopauHar
(y1,Y2,y3). Yeprexk koHyca mokaszan Ha puc. 3.5. O

xs3

Puc. 3.5: Konyc Broporo nopsiaka
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